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Abstract
Small fillers (e.g., carbon fibers) are commonly added to polymer foams to create composite foams that can improve foam
properties such as thermal and electrical conductivity. Understanding the motion and orientation of fillers during the foaming
process is crucial because these can affect the properties of composite foams significantly. In this work, a hybrid lattice
Boltzmann method-molecular dynamics-immersed boundary method model is presented for simulating the foaming process
of polymer composites. The LBM model resolves the foaming process, and the MD model accounts for filler dynamics.
These two solvers are coupled by a direct forcing IBM. This solver can simulate composite foaming processes involving
many bubbles and filler particles, including rigid and deformable 3D particles, and rigid, deformable, and fragile fibers. The
solver relaxes most simplifying assumptions of earlier polymer composite models, allowing for a better understanding of
filler motion and interaction with growing bubbles.

Keywords Lattice Boltzmann method · Fiber reinforced · Polymer foam composites · Molecular dynamics · Numerical
methods

1 Introduction

Polymer foams are usually created by dissolving gas in a
polymer melt and then inducing a sudden pressure drop,
which initiates gas bubble nucleation and growth. The grow-
ing bubbles (cells) form a cellular structure with numerous
intriguing functional properties. Polymer foam composites
made by the addition of rod-like fillers (such as carbon fibers
[60]) and solid fillers (such as metallic particles and con-
ducting polymer particles [45]) have been widely studied,
and have been used in a variety of industries in recent years.
The addition of fibers and wires strengthens the foam, and
allows for specific properties and functions, such as electro-
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magnetic interference, to emerge, that are of great industrial
interest in shielding [11,35,38,53,55,80], bipolar fuel cell
plates [1,31,43], high-dielectric charge storage, and tunable
conductivity conductors [13,64].

The distribution and orientation of fillers are determin-
ing factors responsible for the intriguing physical properties
of polymer composites. Previous research has shown that
cell growth realigns fillers and increases filler connectivity,
which can aid in the formation of connective networks among
fillers [42,44,66,73,74]. Ameli et al. [3,4] shows that foam-
ing can increase the electrical conductivity of PP/MWCNT
composites up to an optimum void fraction, after which the
conductivity decreases, and in another work, demonstrates
that in foam injection molding of PP/MWCNT nanocom-
posites, a 10-fold increase in dielectric permittivity can be
achieved due to the arrangement of MWCNT between adja-
cent cells [5] . On the other hand, Rizvi et al. [54] shows that
foaming can also result in reduction of electrical conductivity
due to unknown factors.

Therefore, a better understanding of filler interaction and
movement in foaming processes during cell growth is critical
for the design and control of the distribution and orientation
of fillers, resulting in materials with improved properties.
Several studies have been conducted to extract relationships
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between the geometric orientation of fillers and the physical
properties of compositematerials [12,26,27,37,40,50,74,81].
For example, Folgar and Tucker [21] introduced a simulation
model to evaluate fiber orientation using a fiber orientation
distribution function for simple flows, and Advanli et al. [2]
utilized moments of that distribution function to accelerate
the computations [21]. Jack et al. [32] developed a neural
network-based closure model that can be used to calculate
fiber orientation in short-fiber polymer composites. In these
and similar models (e.g., [9,10,15,41,71]), fiber interactions
are thought to be due to volume-averaged effects, and fibers
are modeled as individual rigid ellipsoids in a Newtonian
fluid using the Jeffery equation. Commercial software such
as Moldflow and Digimat have also been used to study fiber
orientation in injection molding [22,24,30,51,59,61]; a com-
parison of the fiber orientation models in Moldflow can be
found in [70].

Despite the rich literature on fiber orientation in com-
posite materials, little research has been done to model the
motion and interactions of fillers during foaming [60,72]. A
basic analytical model by Shaayegan et al. [60] considers
the change in the radius of a single spherical bubble on the
rotation and translation of a single fiber. The bubble growth
is not explicitly modeled, effect of the fiber on the bubble
is ignored, the fiber can only translate radially, and its rota-
tion is restricted to about it mid-point. Finally, Wang et al.
[72] extended this model to two growing cells to evaluate
the effects of cell size, filler weight, and relative position of
the filler with respect to the cells on the displacement and
orientation of the fiber. While these analytical models con-
tribute to an understanding of the interaction of filler rotation
and movement due to growing cell(s), their applicability is
restricted due to their simplifications.

In this paper, we present a multi-physics fluid-structure
solver for modeling foaming with a variety of solid fillers
of different geometries, including rigid, flexible, and frag-
ile fibers, and arbitrarily-shaped 3D fillers. Unlike previous
models, foaming with many growing bubbles is modeled,
accounting for bubble growth, interaction, and coalescence,
and the fillers can move freely in 2D and 3D spaces. To the
best of our knowledge, this model is the most detailed for the
simulation of polymer foam composites, and relaxes most
previous simplifying assumptions.

The governing equations of the foaming process, and of
filler dynamics, are solved separately in their entirety, with
no restrictive simplifications. The lattice Boltzmann method
(LBM) is used to resolve the fluid and gas dynamics in
the polymer melt; to model the filler dynamics, a molecu-
lar dynamics (MD) approach is used. A multi-direct forcing
immersed boundarymethod (IBM) is used to couple the fluid
and solid solvers [29]. Both LBM and MD are parallelized
across many processors, which allows for dramatic speed up
of large-scale simulations with many bubbles and fillers.

In the following sections, the numerical methodology will
be presented, followed by a number of validation cases.
Finally, we demonstrate the capabilities of the model by sim-
ulating 2D and 3D foaming processes with various fillers.

2 Methodology

2.1 Foamingmodel

In this work the foaming process is modeled using our
previously developed LBfoam [7] software, a 2D/3D free
surface lattice Boltzmann solver for foaming simulation.
LBfoam solves an advection–diffusion equation coupled to
a fluid flow equation, to capture dissolved gas diffusion into
bubbles, subject to a Henry’s law boundary condition at
bubble-liquid interfaces. LBfoam accounts for the disjoining
pressure between bubbles, surface tension, film drainage, and
bubble dynamics and coalescence; an improved model that
avoids the majority of the simplifications seen in the com-
monly used Cell Model [6,8,69]. A volume-of-fluid (VOF)
method is used for interface capturing. The LBM method
is suitable for simulating foaming, because it enables sim-
ple implementation of the Henry’s law boundary condition
at bubble-liquid interfaces (that are immersed in the domain
and arbitrarily shaped) via a population reconstruction step,
as well as efficient parallelization of the simulation for large-
scale simulations. Furthermore, LBM is a desired choice
for fast and efficient fluid-structure simulation using the
Immersed Boundary Method [18–20].

In the following, the LBfoammodel for foaming is briefly
explained; more detail can be found in [7].

2.1.1 Free surface lattice Boltzmannmethod (LBM)

The lattice Boltzmann equation is a reduced form of the
Boltzmann kinetic equation, that originates from statistical
mechanics, and is widely used for fluid flow simulation. The
original Boltzmann equation can be expressed as:

∂ f

∂t
+ ξ · ∇ f + g

ρ
· ∂ f

∂ξ
= Ĉ (1)

where f is the particle probability distribution, ρ is the den-
sity, ξ is the particle velocity, g is the external force, and Ĉ is
the collision kernel. The Boltzmann equation is discretized
by introducing a set of discrete velocities leading to the lattice
Boltzmann equation:

fi (x + ei , t + 1) − fi (x, t) = Ĉi (x, t) (2)
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which can be decomposed into collision and streaming steps
as:

Collision: f ci (x, t) = fi (x, t) + Ĉi (x, t)
Streaming: fi (x + ei , t + 1) = f ci (x, t)

where fi (x, t) is a particle probability distribution function
(PDF) at location x and time t , f ic denotes the post-collision
PDF, and ei are discrete lattice velocities which are expressed
as follows for the simulation of a 3D fluid flow on a D3Q19
lattice:

ei =
⎧
⎨

⎩

(0, 0, 0) i = 0
(±1, 0, 0), (0, ±1, 0), (0, 0, ±1) i = 1, 2, 3, 4, 5, 6
(±1, ±1, 0), (±1, 0, ±1), (0, ±1, ±1) i = 7, . . . , 18

(3)
Through a Chapman–Enskog expansion, it can be shown

that the lattice Boltzmann equation with the collision ker-
nel Ĉ can be used to solve the incompressible Navier-Stokes
equation [25]. The collision kernel Ĉi (x, t) for isothermal
systems (with external force contribution term Fi ) is deter-
mined by the Bhatnagar–Gross–Krook (BGK) model [28] as
follows:

Ĉ(x, t) = −1

τ

(
fi (x, t) − f eqi (x, t)

) + Fi (4)

where τ is the time interval between particle collisions,which
is related to the kinematic viscosity ν by [28]:

ν = c2s

(

τ − 1

2

)

(5)

and Fi is calculated as:

Fi = wi

(

1 − 1

2τ

) (
e�
i u

c4s
ei − u − ei

c2s

)

· g (6)

where g is the external force density vector. The equilibrium
probability distribution is given by:

f eqi (ρ,u) = ρwi

(

1 + e�
i u

c2s
+ (e�

i u)2

2c4s
− u2

2c2s

)

(7)

wherewi are weight coefficients and cs is the speed of sound.
The macroscopic quantities ρ (density) and u (velocity) are
calculated by summation of PDFs as follows:

ρ(x, t) =
N∑

i=0

fi (8)

u(x, t) = 1

ρ

( N∑

i=0

fiei + 1

2
· g

)

(9)

The bounce-back scheme is used for particles colliding
with walls to impose the no-slip boundary condition.

Liquid–gas interfaces are tracked by a scalar field that is
equal to one in liquid cells, zero in gas cells, and between zero
and one in interface cells. A full description of the interface
capturing model can be found in [7].

2.2 Advection–diffusion

The dynamics of the dissolved gas within the liquid, and gas
diffusion into growing bubbles, is taken into account by an
advection–diffusion equation:

∂c

∂t
+ ∇ · (cu) = ∇ · (D∇c) + q (10)

c is the gas concentration and q is a source term for gas
generation (e.g., due to a chemical reaction). A distribu-
tion function gi (x, t) is used to solve the advection–diffusion
equation:

gi (x + ei , t + 1) = gi (x, t)

+ 1

τg

(
geqi (x, t) − gi (x, t)

) + wi q (11)

The diffusion constant is related to τg as D = c2s
(
τg − 1

2

)
.

The gas concentration c is found by:

c(x, t) =
N∑

i

gi (x, t) (12)

The equilibriumdistribution in the advection–diffusion equa-
tion is given by:

geqi (x, t) = wi c(x, t)

(

1 + e�
i u

c2s

)

(13)

2.2.1 Disjoining pressure

A disjoining pressure Π acts between adjacent bubble inter-
faces to stabilize a foam. Π is a function of the distance
between two bubbles d active up to a distance dmax :

Π =
{
0 d > dmax

kΠ

(
1 − d

dmax

)
d < dmax

(14)

where kΠ is a constant.

2.3 Filler model

Molecular Dynamics (MD) is a numerical method often used
in chemistry, biochemistry, and biophysics for simulation of
interactions between a set of atoms, particles, or molecules
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[14,17,23,34,36,48,52,58,63,78], based on a potential func-
tionU that defines the interaction between different particles.
Given the potential function, internal forces acting on each
particle are calculated as the gradient of the potential func-
tion. The total force on each particle Fi is the sum of internal
Fint
i (e.g., due to elasticity) and external Fext

i (e.g., hydrody-
namic forces due to fluid-structure interaction) forces:

Fi = Fint
i + Fext

i (15)

Numerical integration is used to calculate the motion of each
particle using Newton’s second law:

mp
d2ri
dt2

= Fi (16)

where mp is the mass of particle. By integrating the above
equation twice, we can update particle velocity and position.

In the following sections, we discuss different potential
functions that are used to model 2D fiber and 3D solid fillers
that are made up of interacting particles. The LAMMPS [49]
simulation package is used to calculate the filler dynamics;
this is a powerful library written in C++ that includes many
pre-defined functions for MD simulation, and a library of
potential functions. LAMMPS is built as a shared library and
incorporated into LBfoam through a C-style API. LBfoam
serves as the “driver” and calls LAMMPS as an external
library.

Note that the LAMMPS timestep δtl can vary from the
LBfoam timestep δt . A smaller δtl is usually needed for
a LAMMPS simulation to be stable. To accomplish this,
for each δt , LBfoam invokes LAMMPS to advance for M
timesteps where M = δt/δtl . For the simulations presented
in this work M ranges from 2 to 10, ensuring that the veloc-
ity of each particle representing the fibers/solids not exceed
ulb < 0.05, where ulb is the lattice velocity.

2.3.1 Fiber model

Fibers of length L f are represented by a simple chain of na
connected particles as shown in Fig. 1.

Fig. 1 Fibers (left) are modeled as chains of connected particles (right)

Since the area and volume of elastic fibers are negligible,
only stretching and bending potentials are used to model the
energy accumulated in the fiber structure due to these two
deformation modes:

Ufiber = Ustretching +Ubending (17)

A harmonic potential is used for Ustretching:

Ustretching = ks(ri j − r0,i j )
2 (18)

where ri j is the bond length for adjacent particles i and j ,
and r0,i j is the equilibrium bond distance between them [68],
initially set to L f /na . ks is the stiffness constant related to
the Young’s modulus Y :

ks = Y
πa2

L f
(19)

where a is the radius of the fiber taken to be 0.2 μm in this
work. Similarly, a harmonic bending potential is defined as:

Ubending = kb(θi jk − θ0,i jk)
2 (20)

where θi jk is the angle between three adjacent particles i , j ,
and k, θ0,i jk is the equilibrium angle between them [68], and
kb is a constant.

To model fiber breakage and fragility, the bond between
two particles is assumed to breakwith probability p∗ if ri, j >

rmax,i j .

2.3.2 Coarse-grained membrane model for 3D fillers

The modeling of 3D solid fillers such as metallic particles
and conducting polymer particles [45] is enabled by a coarse-
grained (CG) membrane model [23,48,63] in which a group
of particles connected together as a network is treated as a
single entity, as shown in Fig. 2. This model is commonly
used forMD simulation of largermolecules and particles [14,
17,34,78]. Area and volume harmonic potential functions are
added to the stretching and bending potentials to control the
rigidity of the solid and enforce a constant volume constraint,
respectively:

Umembrane = Ustretching +Ubending +Uarea +Uvolume (21)

The bending potential is given by the following function:

Ubending =
∑

adjacent α, β pair

kb[1 − cos(θα,β − θ0)] (22)

where θα,β and θ0 are the instantaneous and initial dihe-
dral angles between two adjacent triangular elements α and
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Fig. 2 Depiction of a coarse-grained membrane model for an ellipsoid
that can be rigid or undergo deformation depending on the area and
volume constraints

β, respectively. Conservation of the surface area and total
volume are imposed by assigning the following harmonic
potential functions:

Uarea =
∑

k∈ triangles

kd(Ak − A0,k)
2

2A0,k
+ ka(At − A0,t )

2

2A0,t
(23)

Uvolume = kv(V − V0)

2V0
(24)

where kd , ka , and kv are constants. Ak and At are the instan-
taneous surface area of the triangle k and the total area,
respectively, and V is the volume of the object. Subscript
zero indicates equilibrium values.

For the coarse-grained membrane model, the relations
between the parameters of themodel and continuummaterial
properties such as the shear modulus can be derived through
theoretical analysis of a hexagonal network of springs as
explained in detail in [14,16,48]

Converting a triangular unstructured mesh into the
LAMMPS data file format is challenging. For this reason, we
have open-sourced the library that we developed for this task,
Mesh2LAMMPS,1 that converts amesh file into a LAMMPS
data file, and vice versa.

2.4 Particle–particle and particle–interface
interaction

To avoid particles overlapping each other, a Morse potential
is added to the potentials:

Umorse = km
(
e−2(ri j−r0,i j ) − 2e(ri j−r0,i j )

)
r < rcut (25)

where rcut is the cutoff, set equal to the lattice size, and
km = 4 × 10−6.

Fiber-interface interaction is not directly modeled in this
work. To prevent fibers from entering bubbles (within which
the fluid flow is not modeled [7]), the momentum ρu of inter-
face cells in close proximity to particles is updated to ρū,

1 Freely available at https://github.com/mehdiataei/mesh2lammps.

where ū is the average velocity of particles (in a 3×3 stencil
around the interface cell) approaching the interface. As such,
particles are slightly repelled from nearby interfaces.

2.5 Fluid–structure interaction: multi-direct forcing
IBM

The coupling between fibers and/or particles interacting with
the fluid flow is achieved through the immersed boundary
method (IBM). In IBM, instead of physical boundaries, an
additional external force is added to the momentum equation
near the virtual boundary points to enforce the no-slip bound-
ary condition. There are different methods for calculating the
external force. The multi-direct forcing method of Inamuro
[29] is used, that precisely satisfies the no-slip condition on
moving boundaries through an iterative process.

The solid immersed boundary (IB) is represented by a
set of Lagrangian points which overlap the Eulerian LBM
grid. As shown in Fig. 3, the velocity of fluid flow at these
Lagrangian points is interpolated from the Eulerian grid as
follows:

u (Xk, t) =
∑

x

u(x, t)W (x − Xk) δxd (26)

where Xk and x are the position vectors of the Lagrangian
and Eulerian grid points respectively. d is dimensionality,
and the Dirac function W for a three-dimensional system is
defined as follows:

W (x, y, z) = 1

δx
w

( x

δx

)
w

( y

δx

)
w

( z

δx

)
(27)

where δx is lattice size and the smoothing function w is as
proposed by Peskin [47]:

w(r) =

⎧
⎪⎪⎨

⎪⎪⎩

1
8

(
3 − 2 | r | +√

1 + 4 | r | −4r2
)

if | r |≤ 1

1
8

(
5 − 2 | r | −√−7 + 12 | r | −4r2

)
if 1 ≤| r |≤ 2

0 if | r |≥ 2

(28)

Given the equations above, the IB force required to enforce
the no-slip boundary condition is calculated by the following
iterative algorithm:

Step 1 Initialize the body force on the Lagrangian points:

F0 (Xk, t) = vk (Xk, t) − u (Xk, t)

δt
(29)

where vk(Xk, t) is the velocity of the Lagrangian points that
make up the solid particles calculated and updated by theMD
solver. u(Xk, t) is the velocity of the fluid flow, computed by
the LBM solver, interpolated to the Lagrangian grid points.
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Fig. 3 Fluid-solid coupling
through force and velocity
interpolation between the
Eulerian and Lagrangian grids.
The solid immersed boundary
(IB) can be non-stationary and
flexible, and in 2D is described
by X(s, t) : 0 ≤ s ≤ Lb curve,
where Lb is the length of the
immersed boundary

Intuitively, the external body force required to enforce the
no-slip condition at the immersed boundary is proportional
to the velocity difference between the solid body and fluid
flow at the boundary points.

Step 2 Interpolate the force of the neighboring Eulerian grid
points at the i-th iteration:

fi (x, t) =
∑

Xk

Fi (Xk, t)W (x − Xk)Ak (30)

where Ak is the surface area of the Lagrangian point k.

Step 3 Correct the fluid flow velocity:

ui (x, t) = ui (x, t) + fi (x, t)δt (31)

Step 4 Interpolate the corrected velocities at the Lagrangian
grid points:

ui (X, t) =
∑

x

ui (x, t)W (x − Xk)δx
d (32)

Step 5 Update the force at the Lagrangian points located on
the immersed boundary:

Fi+1(Xk, t) = Fi (Xk, t) + v(Xk, t) − ui (xk, t)
δt

(33)

Step 6 Return to step 2, and iterate until converged. This
iterative process is repeated until

|Fi+1(Xk, t) − Fi (Xk, t))|/Fi (Xk, t) < 1 × 10−2 (34)

We discovered that three to four iterations are sufficient to
achieve convergence. As a result, we limited the maximum
number of iterations to six. The external forces onLagrangian
points calculated here are then input into the MD solver as
Fext to enforce the effect of the fluid flow on motion of the
immersed bodies.

Figure 4 is a flowchart of the algorithm for the coupling
of the fluid flow and the MD solver though the IBM.

3 Verification and validation

Validations of the LBM foaming code are given in [7], and
so the validations presented here focus on the MD and IBM
implementations.

3.1 Neutrally buoyant ellipsoid in a shear flow

The fluid-structure model is examined by considering the
behavior of a buoyant ellipsoid in a shear flow, a test which
is extensively used in the literature [39,57,67,77]. We use
the formulation presented in [67]. As shown in Fig. 5, an
ellipsoid with aspect ratio ψ is placed between two walls
moving in opposite directions. The flow profile is given by
vy = s(y − yp), where s is the shear rate and vy and yp are
the velocity and the center of the domain in the y-direction.
Ellipsoid orientation versus the z-axis is given by φx and the
angular velocity is ωx . The computational domain is a cube
of size [0;Ωx ] × [0;Ωy] × [0;Ωz] with periodic boundary
conditions in the x and y directions. Different grid sizes were
used based on the ratio D/δx , where δx is the cell size and
D = 2κψ−2/3 is the equivalent diameter of the ellipsoid,
where κ is the largest principal half-axis of the ellipsoid.
To prevent deformation, ks , kb, kv and ka were set to large
values. At a small Reynolds number Re = 4sκ2/ν << 1 and
an infinite confinement ratioΩy/κ , the analytical solution for
the periodic motion of the ellipsoid can be found using the
Jeffery orbit [33,67]. The period of the rotation is given by:

T = 2π

s

(

ψ + ψ−1
)

(35)
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Fig. 4 The algorithm used to couple the LBM and MD solvers through IBM

and the motion of the ellipsoid is governed by:

tan(φx ) = ψ tan(�t) (36)

where � = 2πT−1. The angular velocity ωx can be
expressed as a function of φx :

ωx (φx ) = ψ−1
�cos2(φx )

(
ψ2 + tan2(φx )

)
(37)

from which the maximum and minimum angular velocities
can be found:

ωmax = sψ2

(1 + ψ2)
(38)

ωmin = s

(1 + ψ2)
(39)

Figure 6 shows results of the fully-developed periodic
motion of an ellipsoid as a function of grid refinement. The
Reynolds number is 0.3, ψ = 2, and the confinement ratio is
held between 6 and 8. It can be seen that there is good agree-
ment between the analytical and numerical solutions, and
the agreement between the solutions improves with mesh
refinement. As shown in Table 1, the simulation slightly
underpredictsωmax and slightly overpredictsωmin ; however,
the difference decreases as D/δx increases.

The order of convergence can be estimated as:

O ≈ log(E)

log(D/δx)
(40)

Fig. 5 Ellipsoid rotating periodically in a shear flow

Fig. 6 ωx/s versus φx compared to the analytical solution
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Table 1 The errors ofmaximumandminimumvalues ofωx on different
grid sizes, versus the analytical model

D/δx ωmax/s (%) ωmin/s (%)

5 −1.65 6.49

10 −1.12 2.99

20 −0.12 0.50

Fig. 7 Convergence based on the L2-norm

whereO is the convergence order and E is the L2-normof the
error with respect to the analytical solution. The convergence
of the error is shown in Fig. 7. Convergence is first-order,
consistent with the result of [47].

3.2 Fiber rotation in a shear flow

Weinvestigate the periodof rotationT of a single rigidfiber in
a shear flow, similar to that of Sect. 3.1.We set ks = kb = 0.5,
which are sufficiently large to prevent deformation of the
fiber. Analytically, the period of rotation T :

T = 2π(r f + r−1
f )/s (41)

where s is the shear rate and r f = L f /2a is equal to the num-
ber of rigid spheres that comprise the fiber, as explained in
[56,75,76]. Other conditions are similar to those of Sect. 3.1.
As shown in Fig. 8, T s increases almost linearly with r f as
predicted by the Jeffrey equation.

3.3 Fiber transition and rotation

The validity of the interaction between fibers and bubbles is
addressed by comparing simulation results to the analytical
model of Shaayegan et al. [60] for a single fiber and bubble
pair, which describes the instantaneous fiber orientation and
location as a function of an adjacent cell size, as shown in
Fig. 9. In Fig. 9, R0, R, and Rc are the initial location of the
fiber, instantaneous location of the fiber, and the cell radius,

Fig. 8 Comparison of the Jeffery orbit prediction of T s, and the results
of the numerical model

Table 2 Simulation conditions for two cases used to reproduce the
analytical results of Shaayegan et al. [60] using the numerical model
presented here

Case # α0 (◦) R0 (mm) L f (mm)

1 90 0.22 0.18

2 14.5 0.3 0.29

respectively. The initial and instantaneous fiber angles are α0

and α.
The analytical solutionofShaayegan et al. includes several

simplifying assumptions. The bubble is assumed to remain
spherical, the fiber only moves radially, the fiber angle α

varies only around the fiber midpoint, and the fiber only
rotates within the plane in which it resides. In this model,
α is expressed as:

α = arccos

(
2(A + B)

L f

)

(42)

where A and B are given by:

A =
[

(3V0/16π) + ((3V0/16π)2 + (R3
0 + R3

c )
2)1/2

]1/3

(43)

B =
[

(3V0/16π) − ((3V0/16π)2 + (R3
0 + R3

c )
2)1/2

]1/3

(44)

V0 is the volume of the polymer envelope around the bubble,
which is either a function of R0 and α0 (initial conditions) or
R and α (instantaneous conditions) [60].

Table 2 presents the two cases that were simulated using
the LBM-MD-IBM model, by placing a bubble and a fiber
in a 3D domain of size 201 × 201 × 201, with the initial
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Fig. 9 The Shaayegan et al.
model [60]. Note that the radius
of the spherical envelope
surrounding the fiber increases
as the bubble grows

Fig. 10 Fiber angle α versus cell radius Rc: simulation results versus
analytical and experimental data. In the legend c1 refers to case #1 and
c2 refers to case #2, as described in Table 2. In both cases, the fiber
consists of 10 particles with ks = kb = 0.2, and τ = 1

conditions as specified in the table. For case 2, experimental
data is also available [60].

As can be seen from Fig. 10, for case 1, the fiber only
experiences radial translation, as expected and predicted
by the analytical solution. In case 2, there is good agree-
ment between the analytical model and the simulation data.
Although bothmodels predict the experimental data well, the
LBM-MD-IBM model better predicts the trend in the exper-
imental data because it is not limited by the simplifications
of the analytical model, i.e., in case 2, α0 is small, resulting
in significant rotation of the fiber off its midpoint, which is
not permitted by the analytical model.

3.4 Simulation results

The validation cases confirm that the model represents the
correct physics. In this section, we showcase a number of
simulations to demonstrate the capabilities of the model.

Note that the model is parallelized using the MPI library
(details can be found in [7]). 2D simulations can be done
on a desktop computer e.g., a 2D simulation of size 601 ×
301 (≈ 722k cells) with 250 fibers takes less than 1-hour
to complete 10, 000 iterations on a six-core Intel i7 8700K .
While it is possible to run 3D simulations on desktop CPUs,
they benefit from fast compute nodes. On a 40-core compute
node (Niagara supercomputer at the University of Toronto),
a 3D simulation of size 101× 101× 101 (≈ 1m cells) takes
about 30 minutes to complete 10, 000 iterations (excluding
I/O).

We have used parameters in lattice units. In Appendix 1,
we explain the conversion between dimensionless physical
and lattice parameters in detail.

3.4.1 Foaming with fibers

Figures 11 and 12 show 2D and 3D foaming simulations
with numerous rigid fibers of different lengths. The bubbles
are randomly initialized with a disk-sampling algorithm as
described in [7], and the fibers are randomly initialized with
the help of the Bentley-Ottmann sweep line approach [62] so
that they do not intersect with each other (in 3D, this is not
needed, as the probability of two random fibers intersecting
each other is insignificant). It can be seen that as the foam
expands, the fibers interact with the bubbles and with each
other, and ultimately settle in the walls between adjacent
bubbles. Because of the two-way coupling of the MD and
LBM solvers, the fibers also influence the foam structure.
As shown in Fig. 11), the foam structure without fibers is
different.

Performing such simulations can be very useful in prac-
tice. For example, the model can demonstrate the potential
of foaming as a strategy to decrease the percolation thresh-
old in conductive composite foams (CPCs). By analyzing the
rotation and translation of fibers due to the interaction with
bubbles, we can better understand how cell growth, void frac-
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Fig. 11 Example of a 2D foaming simulation with 200 initial bubbles
and 250 rigid fibers (shown in red). Note that some of the bubbles coa-
lesce during the foaming process. Parameters: domain size 601×1201,
τ = 0.9, τg = 0.6, q = 1 × 10−4, kΠ = 8 × 10−3 ks = kb = 0.1,

r f = 10, 10δx < L f < 15δx . The green boxes are zoomed in for a
better view of the fibers. t = 20 × 102 (left), t = 50 × 102 (middle),
t = 92 × 102 (two rightmost images). The rightmost figure is of the
same simulation without fibers. (Color figure online)

Fig. 12 Example of a 3D foaming simulation with 10 initial bubbles
and 50 rigid fibers. Bubble interfaces are shown in blue. Note that some
of the bubbles coalesce during the foaming process. Parameters: domain
size 51 × 51 × 51, τ = 1.0, τg = 0.6, q = 4 × 10−5, kΠ = 8 × 10−3

ks = kb = 0.1, M = 10, r f = 15, L f = 12δx . t = 20 × 102 (left),
t = 50 × 102 (middle), t = 92 × 102 (right). (Color figure online)

tion, and fiber size influence the percolation threshold (which
is a nonlinear relationship [54,72]), and determine the proper
void fraction that maximizes fiber interconnectivity (that is
related to the electrical conductivity). In contrast to previ-
ous models (e.g., [60,73,74]), the model allows for the fluid
flow and bubble dynamics to be physically modeled, it is not
restricted to a small number of bubble and fibers, and bubble
deformation is considered, which can lead to better predic-
tion of important parameters such as percolation threshold in
conductive polymer composites.

The model is also capable of simulating deformable fibers
simply by setting kb = 0.0. A 2D foaming simulation with
deformable fibers is illustrated in Fig. 13. It can be seen that
the deformability of the fibers can influence the foam struc-
ture and fiber connectivity. This capability is important as
fillers are assumed to be rigid in available models [73,74],
whereas in practice, fillers, such asMWCNTs, typically have
low bending stiffness, causing fillers to curl and agglomer-

Fig. 13 Behavior of soft fibers during foaming with 200 initial nuclei,
250 fibers. Parameters: domain size 351 × 1201, τ = 1.0, τg = 0.6,
q = 2 × 10−5, kΠ = 8 × 10−3 ks = 0.2, kb = 0.0, M = 5, na = 20,
25δx < L f < 35δx . t = 16 × 102 (top), t = 50 × 102 (middle),
t = 117 × 102 (bottom)

ate, which can lead to lower fiber connectivity and thus foam
conductivity [46,65,79].

The simulation of fiber breakage is enabled by setting
p∗ > 0 and specifying Rmax . The same simulation as in
Fig. 13 is seen in Fig. 14 with rigid fibers (kb = 0.2), where
Rmax = L f /na ∗ 1.05 and p∗ = 0.8, implying that there
is a 80% chance that the bond between two particles i and
j will break if its length exceeds 5% of its initial length. As
the bubbles grow (t = 300 (left), t = 1300 (right)), some of
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Fig. 14 Broken fibers are shown
with yellow circles. Except for
Rmax = L f /na ∗ 1.05 and
p∗ = 0.8, the simulation
parameters are similar to those
of Fig. 13. t = 300 (left)
t = 1300 (right). (Color figure
online)

Fig. 15 3D foaming with rigid
ellipsoid fillers (10 bubbles, 10
ellipsoids). Parameters: domain
of size 101× 101× 101, ψ = 2,
κ = 4, τ = 0.95, τg = 0.65,
kΠ = 1 × 10−2, q = 2 × 10−5,
M = 10, kv = ka = kd = 2,
kb = ks = 1

the fibers break, under the stress of adjacent growing cells,
as indicated by the yellow circles in Fig. 14 (right).

3.4.2 3D arbitrary-shaped fillers

In addition to fibers, other geometries can be used as fillers.
Using the CG membrane model for 3D bodies introduced
in Sect. 2.3.2, a foam expansion with 10 bubbles and 10
ellipsoid fillers is shown in Fig. 15 (bubble interfaces are
shown in blue and the ellipsoid fillers are shown in red).
Using 3D bodies can be useful in the study of solid fillers
such asmetallic particles and conducting polymer particles in
foams [45]. There are no restrictions on using different filler
geometries (e.g., different types of 3D bodies and fibers) in
the same simulation.

4 Conclusion

A hybrid lattice Boltzmann/molecular dynamics model for
the simulation of composite foams is presented, which is
capable of simulating the foaming process (bubble growth,
interaction, coalescence, etc.) as well as the interaction
between the foam and fillers of different geometries such
as fibers and arbitrarily-shaped 3D fillers. The LBM andMD
models are coupled using a direct forcing immersed bound-
ary method. The model can simulate the interaction of foams

with rigid and deformable fillers, such as soft fibers, and can
capture complex phenomena including fiber breakage.
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AppendixA: Conversionbetweendimension-
less physical and lattice parameters

Dimensionless numbers are indicated with “*” superscript.
Given a length scale δx , a timescale δt , a mass scale δm,
and a substance scale δn, the following dimensionless num-
bers can be defined to convert lattice parameters to physical
parameters, and vice versa.

ρ∗ = ρ
δx3

δm

ν∗ = ρ
δt

δx2

q∗ = ρ
δx3

δn

D∗ = ρ
δt

δx2
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g∗ = g
δt2

δx

L∗
f = L f

1

δx

k∗
s = ks

δt2

δm

k∗
b = kb

δt2

δmδx2

k∗
v = kb

δt2

δmδx2

k∗
d = kd

δt2

δm

k∗
a = ka

δt2

δm

where the dimensionless lattice parameters τ ∗ and τ ∗
g are:

τ ∗ = 6ν∗ + 1

2

τ ∗
g = 6D∗ + 1

2

Note that because of the relationship between pressure, den-
sity, and the speed of sound (p = ρc2s ), for a given pressure
and density δt and δx cannot be changed independently.
Refer to “Koerner, et al. Springer Science&BusinessMedia,
2008” for more details.
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