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Abstract  Four constructions of constant mean curvature (CMC) hypersurfaces in S"+! are
given, which should be considered analogues of ‘classical’ constructions that are possible
for CMC hypersurfaces in Euclidean space. First, Delaunay-like hypersurfaces, consisting
roughly of a chain of hyperspheres winding multiple times around an equator, are shown to
exist for all the values of the mean curvature. Second, a hypersurface is constructed which
consists of two chains of spheres winding around a pair of orthogonal equators, showing that
Delaunay-like hypersurfaces can be fused together in a symmetric manner. Third, a Dela-
unay-like handle can be attached to a generalized Clifford torus of the same mean curvature.
Finally, two generalized Clifford tori of equal but opposite mean curvature of any magnitude
can be attached to each other by symmetrically positioned Delaunay-like ‘arms’. This last
result extends Butscher and Pacard’s doubling construction for generalized Clifford tori of
small mean curvature.

Keywords Geometric analysis - Constant mean curvature hypersurfaces - Gluing -
Nonlinear elliptic partial differential equations

1 Introduction
1.1 Gluing constructions of CMC hypersurfaces

A CMC hypersurface A contained in an ambient Riemannian manifold X of dimension
n + 1 has the property that its mean curvature with respect to the induced metric is constant.
This property ensures that n-dimensional area of A is a critical value of the area functional
for hypersurfaces of X subject to an enclosed-volume constraint. The CMC hypersurfaces
have been the objects of great interest since the beginning of modern differential geometry.
Classical examples of non-trivial CMC surfaces in three-dimensional Euclidean space R3
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are the sphere, the cylinder and the Delaunay surfaces, and for a long while these were the
only known CMC surfaces. In fact, a result of Alexandrov [2] states that the only compact,
connected, embedded CMC surfaces in R are spheres.

The theory of CMC surfaces in R3 took a leap forward with Wente’s discovery of a fam-
ily of compact, though immersed, CMC tori in 1986 [29], and has progressed considerably
since then. For instance, the techniques used by Wente have culminated in a representation
for CMC surfaces in R? akin to the classically known WeierstraB representation of min-
imal surfaces in which a harmonic but not anti-conformal map from a Riemann surface
to the unit sphere becomes the GauB map of a CMC immersion into R3 from which the
immersion can be determined [8,16]. Most important for this article, however, has been
the development of the gluing technique for constructing CMC hypersurfaces in R? from
simple building blocks. This technique was pioneered by Kapouleas and uses perturbation
arguments from the theory of geometric partial differential equations to construct many new
CMC surfaces: e.g., compact, immersed, genus two surfaces by fusing Wente tori together
[13]; as well as compact surfaces of higher genus and non-compact surfaces with arbitrary
numbers of ends by fusing together spheres and Delaunay surfaces [14,15]. Kapouleas’
discoveries have since been complemented by much research into gluing and other construc-
tions from geometric analysis that can be performed in the class of CMC surfaces, most
notably in the work of Mazzeo, Pacard and others [11,20-22], where such constructions
as the attachment of Delaunay ends to CMC surfaces and other types of constructions are
realized.

The corresponding picture amongst CMC hypersurfaces of higher dimension or in other
ambient manifolds is not nearly as rich as it is in R3. There is a certain amount of literature
on CMC hypersurfaces in hyperbolic space [4,23,26,27]; but due to the non-compactness
of hyperbolic space, this theory can be considered not such a vast departure from the the-
ory of CMC hypersurfaces in R**t1. Much less is known when the ambient space is the
sphere. The classically known examples in S"*! are the hyperspheres obtained from inter-
secting S"*! with affine hyperplanes, and the so-called generalized Clifford tori which are
products of lower-dimensional spheres of the form THY .= sP (cos(a)) x S (sin(oc)) for
p+q =nanda € (0, 7/2). These are embedded hypersurfaces in S"*! with CMC equal to
H, := gcot(x) — ptan(a). There are few other examples; and up to now, no truly general
methods for the construction of CMC surfaces in S"*! have been developed. However, the
gluing technique is well-adapted to generalization to other settings, for philosophical as well
as practical reasons: gluing is meant to assemble complex objects from simple ones, and
this principle should hold equally well in S"*! as in R"*! because one has simple build-
ing blocks in §"*! and a large group of isometries with which to move them around; and
many of the operations involved in a gluing construction—such as forming connected sums
using small bridging surfaces near a point of mutual tangency—are all local and thus have
straightforward generalizations to $"*1.

This article adapts the gluing technique for constructing CMC hypersurfaces in S"+!
and uses it to realize various analogues of the ‘classical’ constructions that are possible in
Euclidean space. The central idea is to position hyperspheres and/or generalized Clifford
tori of the same mean curvature throughout S"*! in various ways such that each build-
ing blocks is separated from its neighbours by a small amount. After appropriate small
modifications of this initial configuration, catenoidal necks are then inserted between the
building blocks at the points where they come closest to each other. This approximate
solution of the gluing problem now has approximately CMC, where the error between its
mean curvature and the mean curvature of the original building blocks is small, except
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in the neck regions where the approximate solution is almost singular. One then attempts
to perturb the approximate solution by a small normal deformation until it has exactly
CMC.

As is often the case in gluing constructions, there are obstructions to the solvability of
the CMC equation that come from the Jacobi fields of the approximate solution. These are
eigenfunctions of the linearized mean curvature operator with zero or small eigenvalue tend-
ing to zero as the approximate solution becomes singular. As is well known, their origin is
geometric: every one-parameter family of isometries of the approximate solution generates
a Jacobi field with zero eigenvalue; and every one parameter family of isometries, modified
by a cut-off function so that it only moves one of the building blocks of the approximate
solution while fixing all the others, generates a space of functions which approximates the
small eigenspaces.

The key to overcoming these obstructions and realizing the CMC gluing construction in
a particular case is to combine two techniques: symmetry conditions and force balancing
arguments. Both of these techniques play an important role in the gluing constructions in
Euclidean space and continue to do so here, though it turns out that the symmetries of the
initial configurations play a more prominent role here than they do in Euclidean space.

The role of the symmetry conditions is as follows. If the approximate solution is invariant
under a group of isometries of S"*!, then one can attempt to perturb the approximate solution
in an equivariant manner. Any Jacobi fields that are not invariant under the isometry group
are thus automatically excluded from consideration. If it turns out that the isometry group is
sufficiently large so that all Jacobi fields are excluded, then the obstructions to the solvability
of the CMC equation disappear and the perturbation to an exactly CMC hypersurface can be
realized.

However, if it turns out that the approximate solution possesses Jacobi fields that are
invariant under all of its isometries, then the method above can not succeed in eliminating
all the obstructions to the solvability of the CMC equations. This is where the so-called
force balancing arguments come into play. The way to proceed is to derive the balancing
condition that must be satisfied by the approximate solution if a perturbation to an exactly
CMC hypersurface is to exist. The idea is that the obstructions provided by the invariant
Jacobi fields can be avoided exactly when the approximate solution satisfies this balancing
condition.

The balancing condition is best explained in the more general context found in Korevaar
et al.’s work [17]. First, suppose that A is a hypersurface with CMC, 4, in an (n 4 1)-dimen-
sional Riemannian manifold (X, g) possessing a Killing field V. Let I/ be an open set in A
and U/ be an open set in X such that 31/ = 914/ U Q where Q is a bounded n-dimensional
hypersurface. Then the first variation formula for the n-volume of ¢/ subject to the constraint
of constant enclosed (n+1)-volume of Z{ in the direction of the variation determined by V
implies

/g(vy V)—h/g(N, V)=0 ey

au 0

where v is the unit normal vector field of 9/ in A and N is the unit normal vector field
of O in X. One can now apply this formula to the approximate solution of the CMC per-
turbation problem, having mean curvature approximately equal to 4, in the following way.
Choose the open set I/ as one of the building blocks of the approximate solution. Then ol
consists of a disjoint union of small (n — 1)-spheres at the centres of the necks attaching I/
to its neighbours, and Q is the disjoint union of the small disks that cap these spheres off.
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The left hand side of (1) now encodes information about the width and location of the neck
regions of . If the left hand side of (1) is sufficiently close to zero, then one says that I/ is
in balanced position. The idea is now that in order to be able to overcome the obstructions to
the solvability of the CMC equations, the approximate solution must be constructed in such
a way that all its building blocks are in balanced position.

It is important to realize that the balancing condition amounts to a form of local symmetry
satisfied by each building block with respect to its nearest neighbours. This is similar to what
happens in Euclidean space. However, because compact hypersurfaces of the sphere must
close up on themselves, it turns out that certain global symmetries are a consequence of the
totality of local symmetries imposed by the balancing condition. It is for this reason that sym-
metry conditions play a more prominent role in the determination of initial configurations of
building blocks that can be glued together and perturbed to have CMC.

Force balancing in itself is not the end of the story; and a balanced approximate solution
can not necessarily be perturbed to an exactly CMC hypersurface. It is in addition neces-
sary to be able to re-position the various building blocks with respect to each other so as to
maintain the force balancing condition even if these are deformed by a small perturbation.
Technically speaking, this amounts to the requirement that the mapping taking a re-positioned
approximate solution to a set of small real numbers via the integrals on the left hand side
of (1) be invertible. This requirement is well known and makes an appearance in the CMC
gluing problem in Euclidean space. It also arises here, and is in fact more difficult to achieve
than in Euclidean space. However, the imposition of additional symmetry conditions on the
initial configuration of building blocks is enough to overcome this problem.

1.2 Statement of results

The following analogues in S"*! of ‘classical’ constructions amongst CMC hypersurfac-
es in Euclidean space will be realized in this article. First, hypersurfaces will be con-
structed which consist of a chain of equally spaced hyperspheres winding a number of times
around an equator. These should be construed as analogues of the Delaunay hypersurfac-
es, and will be called Delaunay-like. Depending on the choices made in the construction,
these can be embedded, immersed or non-compact. Next, one can attempt to fuse a num-
ber of Delaunay-like hypersurfaces together. This fusion will be realized in one particular
instance, thereby illustrating the method that could be used for more ambitious situations.
Next, a more general problem along the lines of the fusion of two Delaunay-like hyper-
surfaces is adding Delaunay-like handles to a given CMC hypersurface. This construction
will be realized again in one particular instance, where the CMC hypersurface in ques-
tion is a generalized Clifford torus. Finally, it is possible to double two generalized Clif-
ford tori having equal but opposite mean curvature of any magnitude by attaching them
to each other with a number of symmetrically placed Delaunay-like ‘arms’. This is not
so much the analogue of a ‘classical’ construction amongst CMC hypersurfaces but rather
an extension of the result obtained by Butscher and Pacard in [5,6] in which two gener-
alized Clifford tori of equal but opposite mean curvature very close to zero are doubled
by attaching them to each other with a number of symmetrically placed small catenoidal
necks.

The spirit of this article is to give a collection of examples rather than fully general con-
structions. The reasons for this are two-fold. First, it is beneficial for one’s intuition to have
readily visualizable concrete examples of CMC hypersurfaces of S"*! at hand. Second, the
details of the construction vary greatly depending upon the symmetry group of the initial
configuration, the invariant Jacobi fields of the approximate solution, the number of windings
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needed for a configuration to close up and so on. Therefore it is best to illustrate the methods
used in the gluing construction in a few special cases, which can then be readily adapted to
other settings.

1.2.1 Delaunay-like CMC hypersurfaces of S*+!

Let S, be the hypersphere obtained by intersecting S"*! by an affine hyperplane passing a
distance cos(x) € (0, 1) from the origin. The mean curvature of S, is the constant H, :=
ncot(a).

Main Theorem 1 Suppose y is the great circle in S™t' generated by the one-parameter
Sfamily of rotations Ry € SO (n + 2). For every a € (0, w/2) and sufficiently small t > 0
there exists a CMC hypersurface Ay r of mean curvature Hy = n cot(a) which is approxi-
mately equal to a union of hyperspheres of the form Rg (Sq) that are separated by a distance
T from each other and connected by small catenoidal necks. These hypersurfaces are either
non-compact and immersed, compact and immersed, or compact and embedded depending
on the values of a and t. Finally, as t — 0, then Ay, converges in the C* topology to the
union of hyperspheres of mean curvature Hy positioned end-to-end along y .

It should be noted that the result above can be viewed in a different and a priori sim-
pler light. That is to say, one first considers S"*! € R? x R”" and allows the subgroup
O(n) € O + 2) to act on S"*! by its action on the last n coordinates. Then one asks
for CMC surfaces of S” that are invariant by the action of O (n), and the CMC condition
reduces to an ODE in this Ansatz. The resulting hypersurfaces are the so-called rotational
CMC hypersurfaces of S"” and the Delaunay-like hypersurfaces A, ; are examples of such
surfaces. The ODEs associated to rotational hypersurfaces satisfying various geometric con-
ditions have been studied by several authors, including [3,7,19,25,28]. Though the specific
question addressed here—of the existence of compact, embedded rotational CMC hypersur-
faces akin to Delaunay hypersurfaces—has not been tackled directly by any of these authors,
it is fairly clear that the ODE techniques deployed by these authors could be used to prove a
result such as Main Theorem 1. Furthermore, there is numerical evidence to support the exis-
tence of these hypersurfaces—see for instance the pictures posted at the famous Geometry
Analysis Numerics and Graphics website www.gang.umass.edu. But a complete theoretical
picture of these hypersurfaces is still lacking. For instance, an ODE analysis of the type found
in [10, Sect. 2] must still be done in order to obtain the kind of precision offered by Main
Theorem 1.

Since the PDE techniques of Main Theorem 1 do yield a very precise description of the
solutions of the ODE for rotational CMC hypersurfaces, at least those with small neck size,
and since Main Theorem 1 provides a simple context in which to present the techniques
which will be re-used to prove the three remaining Main Theorems of this article, the proof
of Main Theorem 1 will be given in complete detail.

1.2.2 Gluing two Delaunay-like hypersurfaces together

One can imagine a large variety of ways in which two or more Delaunay-like hypersurfaces
can be pasted together. One simple way is to glue a Delaunay-like hypersurface to one whose
equator has been rotated. The resulting configuration consists of two sets of hyperspheres,
winding around two different equators. The only overlap occurs at two antipodal hyper-
spheres; this is where the first Delaunay-like hypersurface will be glued to the second. It is
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worth noting that every such configuration is in balanced position—this is because balancing
requires only that when a hypersphere is to be glued to its neighbours at either two or four
points, then these points are opposite each other. Consequently, the balancing map can not be
invertible as a function of the geometry of the initial configuration and the CMC perturbation
can not be realized. This reflects the fact that one does not expect to find families of solutions
using the gluing technique in a compact setting. However, if the angle made by the equators
is 7t /2 then the initial configuration is invariant under additional reflection symmetries. Now
force balancing arguments together with symmetry conditions make it possible to realize the
CMC perturbation.

Main Theorem 2 Let Ay ; denote the Delaunay-like CMC hypersurface winding around
the geodesic y constructed in Main Theorem 1. Let Q € SO (n+2) be a rotation by an angle
of m/2 about an axis perpendicular to the normal vector that defines y. Then for suitable
choices of a and t, it is possible to form the fusion of Ay r and Q(Ag, 1) as described above.
Moreover, if both of these hypersurfaces are embedded, then so is their fusion.

One could extend Main Theorem 2 by fusing Ay . to k Delaunay surfaces of the form
Ry o Q(Ag,r) where Ry € SO(n + 2) is a rotation preserving A . and satisfying R,’f =1d
and commuting with the reflection symmetry that reverses the direction of y. This would be
a more or less straightforward extension of the ideas used in the proof of Main Theorem 2.

1.2.3 Attaching Delaunay-like handles to Clifford tori

Similar methods as in the proof of Main Theorem 2 can be used to add Delaunay-like handles
to a CMC hypersurface of S"*! under certain circumstances. That is, suppose A is a CMC
hypersurface in S"*! of CMC H such that there are two points p and ¢ in A that can be
connected to each other by a geodesic y that ideally does not touch A in any other point. Then
if the initial configuration consisting of A and hyperspheres of parameter « = arccot(H /n)
positioned along y possesses enough symmetry, then one might expect that the perturbation
and force-balancing arguments of Main Theorem 2 carry through.

The symmetry group of A as well as its Jacobi fields clearly play a crucial role in deter-
mining if the construction outlined above is possible. Instead of stating general conditions
on an arbitrary CMC hypersurface A under which the perturbation to a CMC hypersur-
face can be executed, the third main theorem of this article is to give one concrete example
of the construction which can then serve as an archetype for more general constructions.
In this example, A is the generalized Clifford torus Ty'""? := {(cos(a)®1, sin(x)®>) :
®; € SV} C RM+L x R+ where ny 4+ ny = n, which has mean curvature H, :=
nycot(a) — ny tan(w).

Main Theorem 3 Let Ty be the generalized Clifford torus of S"T'. Then there is a
geodesic y that meets Ty""* orthogonally in two points p, p'. For suitable choices of o €
(0, 7/2), small T and positive integers N and m, there exists a CMC hypersurface of S"*!
which is approximately equal to the connected sum at the points p, p’ of Ta'"? and a trun-
cated Delaunay-like hypersurface consisting of N spherical regions separated a distance T
from each other and winding m times around y. If « is sufficiently close to m /2 then it is

possible to have m = 1 in this construction, and the resulting hypersurface is embedded.

ny,ny
B

It should be possible to extend Main Theorem 3 by attaching multiple handles to Ty,
located at a collection py, p; of attachment points. A symmetry condition on the locations of
these points will then govern the existence of the CMC hypersurface with multiple handles.
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This symmetry condition will be akin to the symmetry condition found in Main Theorem 4
below.

1.2.4 Doubling Clifford tori—revisited

Butscher and Pacard [5,6] have constructed in CMC hypersurfaces of small but non-zero
mean curvature by doubling the unique minimal Clifford torus in the family of Clifford tori
of S"*!. That is, these hypersurfaces are small perturbations of two nearby parallel translates
of To! "2, where o, = arctan(y/n2/ny), which are glued together at a number of sym-
metrically located points {p1, ..., py} by means of small catenoidal necks. The conditions
for the existence of these hypersurfaces are phrased in terms of the location of the gluing
points: if the gluing points are such that the symmetries of To!""? \ {py, ..., ps} rule out
all the Jacobi fields of the linearized mean curvature operator, then it is possible to solve the
CMC equations.

The methods developed in this article allow the above construction to be extended in
the following way. One can take two Clifford tori with equal but opposite mean curvature
of any magnitude, choose a collection of gluing points on each one according to the same
requirements as in [5,6], and place a sequence of hyperspheres of the same mean curvature
end-to-end along the geodesics connecting the gluing points on one Clifford torus to those
on the other. The entire configuration can then be glued together by inserting catenoidal
necks between the hyperspheres, and then perturbed to have exactly CMC. The symmetry
condition on the location of the points {p1, ..., ps} is exactly the same as the one used in
[5,6]. That is, if the full group of symmetries preserving Tg'""? is O(n; +1) x O(ny +1) €
O (n + 2) acting diagonally on R"+2 = R"1*! x R™*!  then the finite subgroups of inter-
est will be of the form G C {(o', w?) : @/ € O(n j + 1)} and will contain the element
T := (T, T?) where T/ € O(nj + 1) is the reflection symmetry across the le.-axis given

i i+1 nj+1
J l 2 }tl_,-‘r = 1 — 2 — .',
by T (x],x],...,xj : Xjy =X7hs =X .

Main Theorem 4 Consider two generalized Clifford tori Tg""* and T3""* with equal but
opposite mean curvature H, = —Hg and a finite subgroup G < O(n + 2) of the type
discussed above. Assume that there are no G-invariant functions of the form

ni+1ny+1

j
(k1,302 k> > > ajix;

j=1j'=1

where ajj € R. Let p and p be two points in Tg""* and T3""2, respectively, that are
connected to each other by the normal geodesic y. Let M = {p1 = p,..., pjc|} and
M={pr=p,..., P\G|} be the orbits under G of p and p, and let y; be the geodesic
separating ps from ps. For suitable choices of o € (0, w/2), small T and positive integers
N and m there is a G-invariant CMC hypersurface consisting roughly of Tg""* and Tj'""?
attached to each other by a chain of N hyperspheres of the same mean curvature winding
m times around each of the geodesics y, ..., y|G|. For sufficiently large values of the mean
curvature, it is possible to find embedded hypersurfaces of this kind.

As a final comment before launching into the proof of the first main theorem, it is impor-
tant to realize what can and can not be achieved in the constructions above. The gluing
technique is by its very nature a singular perturbation method. Thus the only hypersurfaces
that can be created with it are nearly singular, resembling CMC building blocks separated
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by an extremely small amount T and connected by extremely small necks of high principal
curvatures. Two geometric consequences of this fact are worth mentioning; and both revolve
around the need to create compact glued CMC hypersurfaces. First, small t and fixed mean
curvature H can result in extremely large windings of the geodesics used in the construc-
tions. The number of windings is dictated by the need for the glued configuration to close
and remain compact. Moreover, a small change in T necessarily results in a large change in
the number of hyperspheres positioned along the geodesic for the same reason. Second, the
only way small changes in 7 can produce equally small changes in the glued configuration is
if the mean curvature is allowed to change. This is because changing t creates changes the
amount of space between the building blocks. Maintaining compactness and the number of
windings forces a commensurate change in the radius parameters of the building blocks, and
this amounts to a change in the overall mean curvature.

2 Delaunay-like CMC hypersurfaces in S"+1
2.1 Introduction

The Delaunay surfaces in R? are the classical examples of non-compact, periodic, axially
symmetry CMC surfaces. They have been studied carefully by many authors, for example,
[12,17,21]. In general, one can say that the Delaunay surfaces look roughly like a chain of
spherical lobes connected to each other by neck regions. There are two parameters that nat-
urally describe the Delaunay surfaces, namely, the mean curvature and the width of the neck
at its narrowest point. (This latter parameter is related in a complicated manner to the period
of the Delaunay surface.) There is a maximal value of the width parameter for a given mean
curvature; and in this limit, the Delaunay surface is just a cylinder. When the width parame-
ter is small, the spherical lobes approximate true spheres and the neck regions approximate
truncated, re-scaled catenoids. In the limit when the width parameter approaches zero, the
Delaunay surface approaches a union of osculating spheres whose points of contact are on a
common line.

The geometric picture of the Delaunay surfaces in R? leads to the following idea. One can
attempt to construct “Delaunay-like” CMC surfaces in S, at least in the small-neck-width
regime, by positioning mutually tangent hyperspheres along an equator, connecting them
together using truncated and re-scaled catenoidal necks, and then perturbing the resulting
surface until it has CMC. This construction will be realized in this section of this article in
the more general context of CMC hypersurfaces in S"*! for arbitrary n > 2.

2.2 The building blocks of the construction
2.2.1 The hyperspheres in S"*1

The CMC hyperspheres inside S ! are obtained by intersecting S"*! with affine hyperplanes.
Without loss of generality, suppose that R”*+2 is written as R x R” ! and given the coordinates
(xo, xt ., x”+1), while the hyperplane in question is 1, := {x € RM2 . 40 = a} for

some a € [0, 1). For convenience, introduce an angle o € (0, /2) so that cos(x) = a.

Definition 1 Up to SO (n + 2)-rotation, the affine hypersphere with parameter o € (0, /2]
in S"*! is the hypersurface Sy := $"*! N I1,. In other words,

Sy ={x eR"?:x"=cosa and (x> +---+ x"H? = sin?(@)}.
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It is essential for the constructions that follow to have a thorough understanding of the
geometry of normal graphs over S. Let @ : §" — R"*! be a parametrization of the unit
sphere in R"+!. Then one can parametrize S, via @ —— (cos(«), sin(«)®). Furthermore,
the displacement by a distance o along the geodesic normal to a point on S, is found using
the exponential map and is given by

exp(0 Ny)(®) = (cos(a + 0), sin(x + 0)O)

where N, is the unit outward normal of Sy, given explicitly by Ny := — cot(«) P +sin (a) 8

and P : ZZﬂl X —k is the position vector field of the R"*! factor. Suppose now that
F:S" > Risa functlon on S”. Then one can parametrize the normal graph over S,
corresponding to F via

O —> (cos(a + F(0)), sin(a + F(0))0).

The geometric features of normal graphs over S, that will be relevant later on are collected
in the following lemma.

Lemma 2 The following facts hold for the normal graph over Sy corresponding to the func-
tion F : S" — R. The norms and derivatives on the right hand sides of the expressions below
are those of the standard metric on S".

1. The induced metric is
g=dF ®dF + sin2(ot + F)gsn.
2. The Laplacian of g satisfies

5 V2u(VF,VF)
sin“(a + F)Ag(u) = Au — —
((n —2)sin(e + F)cos(a + F) — AF)VF - Vu
_l’_
A2
(V2F(VF,VF) +sin(a + F)cos(a + F)|VF|?)VF - Vu
+ e
where A := (sin?(a + F) + |VF|12)"/%.
3. The unit normal vector field Ny, is chosen to be
n+2 i
. 907\ 9
i in? - ; J_ st I
ANy = sin* (@ + F) = JZ_;(COS(& + F)sin(e + F)®7 — [gon 'V, F—= ) —3

where v —> ©(v) parametrizes the unit n-sphere.
4. The second fundamental form satisfies

A By = —sin(a + F)VyV, F +2cos(ax + F)VyF V, F
+sin?(a + F) cos(er + F)[gs Is:-
5. The mean curvature satisfies
Asin(e + F)H = —AF + nsin(a + F) cos(a + F)

VZF(VF VF) —cos(a + F)sin(o + F)||VF||2
AZ
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Note that when F = 0 is substituted into the various quantities in Lemma 2, one obtains
the corresponding quantities for S, itself. That is, the induced metric is g, := sin® () gs»
where ggn is the standard metric of the n-sphere, the second fundamental form is B, :=
cos(o) sin(o)gs» and mean curvature is Hy := n cot(«). Therefore one sees that the second
fundamental form of S, is parallel and has CMC.

2.2.2 The generalized catenoid in R"+!

The generalized catenoid in R"*! is the n-dimensional analogue of the standard catenoid,
namely, the unique, cylindrically symmetric, minimal hypersurface in R"+!. The derivation
of the generalized catenoid (hereinafter referred to as simply the catenoid) is a fairly simple
exercise in Riemannian geometry and will not be carried out here. Since the zero mean cur-
vature condition is invariant under scaling, there is a one-parameter family of such minimal
hypersurfaces. The definition of the scaled catenoid is as follows, in which R"*! is written
R x R” using coordinates (y', ..., y"t1) with § := (2, ..., y"*1).

Definition 3 The ¢-scaled catenoid in R x R" is the hypersurface ¢ ¥ parameterized by
(5,0) e R x " — e(Y(s), ¢ (5)0)

where ¢ (s) := (cosh(n — 1)s)"/=1 and ¥ (s) := [ ¢*"(0)do.

An alternate parametrization of the e-scaled catenoid will also be used in the sequel,
namely, when & X is written as the union of two graphs over the R” factor. That is, by invert-
ing the equation || $|| = e¢ (s), one findsthate X = X} U where =F := {(:I:F5(||)3||), y):
Iyl > s}. The function F; : {x € R: x > ¢} — Ris defined by F.(x) = ¢F(x/e) where

F(x) := /(02"—2 - 1)~""?de. 2)
1

Note that in dimension n = 2 this function is simply F(x) = arccosh(x).

The geometric features of the e-scaled catenoid that will be relevant later on are as follows.
The induced metric of X is g.x = e2¢2(ds? + gsn—1). The unit normal vector field of X is
chosen as

é 9 _
Ny : — ¢ "Pg,

e

where Pg is the position vector field of the R” factor evaluated at the point ® € S"~!. Then
the second fundamental form of ¥ is given by

Bes = ¢ " ((1 — n)ds® + ggu-1)

and satisfies

Cpsinh((n — 1)s)
82¢2n

where C; = /n(n — 1) and C» = n/(n 4+ 2)(n — 1). The mean curvature of ¥ vanishes.

Cy
|Bex|l =

g d VB =
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2.3 Assembling the approximate solution

The approximately CMC “Delaunay-like” hypersurface will be constructed roughly as fol-
lows. First consider a single hypersphere S, with a fixed « € (0, 7/2). Introduce a small
spacing parameter T satisfying 0 < 7 < 27. Now position the rotated copies of Sy in a
symmetric manner around a geodesic y in S"*! so that each hypersphere is separated from
its two nearest neighbours by a distance t. Depending on the choice of « and 7, either this
configuration of hyperspheres winds around y a finite number of times before repeating, or
else it never does. Now insert between the points of closest approach between every pair
of neighbouring hyperspheres a suitably re-scaled, truncated and embedded catenoid. The
truncation and scaling parameter should be such that its height is O(r) and it makes optimally
smooth contact with the hyperspheres on either side. However, for this to be possible it turns
out that it is necessary also to perturb the hyperspheres very slightly to improve their “fit’
with the catenoids.
Here are the details of this construction.

2.3.1 Positioning the hyperspheres

The hyperspheres will first be positioned in the most symmetric way possible using a cyclic
subgroup rotations. Define the rotation

cos(f) —sin(0)|0
Ry = | sin(@) cos(@) |0
0 0 |l

where I, is the n x n identity matrix. The rotation Ry generates the geodesic y formed by
intersecting S” with the (x°, x!)-plane. Straightforward trigonometry shows that any pair of
rotated hyperspheres R’z‘a 4¢(S¢) and Rlz‘(;:lr (Sy) are separated by a distance t. The points
of closest approach between these rotated hyperspheres are Rlzca 1 pH) € R]2‘a 4 (S¢) and

Rlﬂir(p_) IS Rg;ﬂ_r(Sa) where p* := Rail(p) € Sy and p is the point p := (1,0, ...,0).

Furthermore, the set

o
Aﬁ,r = U R]2€,0t+7.’ (Sa)
k=0
consists of either: a finite number of distinct rotated copies of S, when 2« + 7 is a rational
multiple of 277 ; or an infinite number of distinct rotated copies of Sy, otherwise. In the former
case, if 2o + 7 = 2wm /N for some pair of positive and relatively prime integers m and N,
then the number of copies of S, equals N and these N copies wind m times around y before
repeating. If m = 1 then they do not intersect each other at all.

2.3.2 The normal perturbation of the hyperspheres

Each hypersphere in the initial configuration must be perturbed slightly in the normal direc-
tion. In order to preserve symmetry with respect to Ry, -+, the same perturbation will be used
for each hypersphere. Thus it suffices to explain how S, is perturbed.

This begins with the choice of a function G : S, — R which determines the normal per-
turbation. Recall that the linearized mean curvature operator on the space of normal graphs
over ahypersurface A in S"*1is £ := A +| Ba |12+n where A 5 is the Laplacian of A and
By is the second fundamental form of A. Inthe case A = S, then £, := sin_z(oz) (Asn —|—n).
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Choose a parametrization of S, \ {p™, p~}in which rotational symmetry around the geodesic
y is in evidence; namely, the parametrization

(n, ®) € (0,m) x g (cos(a), sin(a) cos(u), sin() sin(u)@) 3)

where © : §"~! — R” is a parametrization of $"~! of the unit sphere in R". Now let G
be the ®-independent solution of the equation £,(G) = 0 which is singular at 4 = 0 and
n = 7 and symmetric with respect to u — 7w — w. Explicitly, this function is

%
G0 i= —sin(u) ~ cos() | = s o) @
= —sin(u) — cos _
H K ’ cos2 (o) sin" (o)
/2
Important for later on is the asymptotic expansion of G at u = 0. This is
—1+1log2 —log(u) + O(?|log(w)l)  n =2
1
L How n=3
G =1" ®)
5 + O+ [log(w))) n=4
2p
——— - O(u*" >5
PR +O0w™™") n=

when 0 < p K /2.
The desired normal perturbation can be defined as follows. Choose a small parameter
& > 0 (whose relation to 7 and « will be specified in due course) and define the normal graph

Sa.e = exp(e" ' GNa)(Sa \ {pT. 7))
where Ny is the outward unit normal vector field of S, . For concreteness, this hypersurface
has the parametrization
(1, ©) > (cos(@ +&"~'G(w)), sin(a + "~ G (w) cos(),
sin(a 4+ "G (w)) sin(u)@) 6)

as in the discussion preceding Lemma 2.

2.3.3 Stereographic coordinates adapted to a pair of hyperspheres

Canonical coordinates that are well adapted to the pair of hyperspheres R’ga 4+ (S¢) and

k+1
Kot

+
Ra+r/2

let K : S"T1\ {—p} — R"*! denote the stereographic projection centred at p defined by

1 n+1
X X
KO x!, o = .
(T xt X)) 520 T30

(Sy) will be needed. These can be defined as follows. First, note that the point
(p) lies on the geodesic y at the midpoint between these two hyperspheres. Now

Then the desired adapted coordinates are given by the inverse of the mapping K o R;ﬁk/;l) :

sntl \ {_Ril_ﬁr}z(p)} — RAHL

Recall that stereographic projection sends non-equatorial k-spheres in §" ! to k-spheres in
R"*+! and sends equatorial k-spheres to linear subspaces. One thus expects that the coordinate
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image of the geodesic y is the y'-axis. Also, one expects that the coordinate images of the
two hyperspheres Rlﬁa +7(S) and Rlz(;_il_r (Sq) are two hyperspheres symmetrically located
on either side of the origin and centred at two points on the y'-axis. Indeed, one can check

that any point of S"*! of the form (3) maps to the point (y!, $) in R"*! given by

1 —sin(a + 7/2) cos(a) 4 cos(a 4 t/2) sin(a) cos(i)
y= 1 4 cos(a + t/2) cos(a) + sin(o + t/2) sin(w) cos(i)
. sin(a) sin()® @
r= 1 + cos(ar + 7/2) cos(ar) + sin(e + 7/2) sin(a) cos(u)
And, it is easy to check that this point lies on the locus of points satisfying the equation
(o' +a)’ + 1512 = ®
where
r=r(a,1) = sin()
cos(a). + cos(a + t/2) ©)
d=d.r1) = sin(a + 7/2)

cos(a) + cos(a +1/2)°

Observe thatd —r = tan(t/4) is displacement from the origin of the hypersphere determined
by (8) in these coordinates. This yields a geometric displacement of 7/2 when measured with
respect to the metric A~2go, as expected.

The reason for using stereographic coordinates, other than the fact that spheres map to
spheres, is that these are in geodesic normal form: at the centre of the coordinates, the metric
is Euclidean and its derivatives vanish. This can be seen by the computation of the metric

2k+1 — _
(Ra_:;/zoK 1)*g§n+l =A 2g0

where go is the Euclidean metric of R"t! and A(y) = % (1 + ZZ:} (yk)z) using the coor-

dinates (y!, ..., y"T1) for R**!. The geodesic normal form will have the effect of distorting
as little as possible the geometry of objects embedded into the sphere using the stereographic
coordinate map, provided one remains near the origin. The following lemma contains the
results of this kind that will be used in the sequel.

Lemma4 Leto : £ — R be an embedding of the submanifold  into R"*1. Let hy,
ﬁ, No, éi j and Hy be the induced metric, Laplacian, unit outward normal vector field,
components of the second fundamental form and mean curvature of o (X) with respect to
the Euclidean metric. The corresponding quantities with respect to the metric g = A~2go
coming from stereographic projection satisfy the following identities.

1. The induced metric of o () with respect to g is h = [A oo1~2hg. The Laplacian of o (X)
with respect to h is

n+1
Au=1[Ao U]Qﬁu — Z(n —2)[Ao o]ho(ok%ok, %u)
k=1
where o* are the components of o.

2. The second fundamental form of ¢ (X) with respect to the metric g is

Bij=[Aoa] 'Bij — [A ool 2g0(o, No)lgolij-
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3. The mean curvature of o (X) with respect to the metric g is

H =[Aoo]Hy —ngo(o, No).

2.3.4 Inserting truncated catenoids

Iz‘;r}rt (S,) maps to a pair of hypersur-

k+1

The pair of perturbed hyperspheres R’Z‘a e (S¢) and R

faces which are small deformations of R’z‘a ‘r (Se) and R (Sg)- It is necessary to have a

20+t
precise description of the shape of these hypersurfaces near the y'-axis in order to determine
to what extent they resemble the ends of a catenoid. This will be done by reparametrizing
them as graphs over the $-hyperplane in a small neighbourhood of the y'-axis.

From Eq. 6 and the properties of the stereographic projection as per Eq. 7, one finds that
the coordinates y(u, ©) € R**! of a point in the stereographic projection of the hypersphere

R§a+r (Sa) satisfy

(W) = =D(w) +/[RWP - 1912 (10)
where

sin(er + "1 G (1))
cos(a + "~ 1G(w)) + cos(a + 7/2)
sin(o + 7/2)
cos(a + " 1G(n)) + cos(a + 1/2)

R(p) =

D(n) ==

Furthermore, the relation between w and || || is given by

sin(e 4+ "~ 1G(w)) sin(w)
1 4 cos(a 4 7/2) cos(a 4 "~ 1G (w)) + sin(a + 7/2) sin(a + "~ 1G () cos(i) -
(11)

Iyl=

By computing the derivative % [I7|l, one finds that the relation (11) is invertible in the region

where both ¢”~! G (1) and p are small, and moreover that i (|| $|1) = 2 csc(a) cos?(z/4) || 9]+
O([[$11*). Substituting this into (10) yields y'(IF]) = Ge(I31) = D)
—VIR(I31))1? = 19112 from which one can find the asymptotic expansion

G:(I31D)
1912 R
—ftan(z/4) — == + ecy — eCalog(|31D) n=2
p =
+O(I$11*) + OCell$11% log(IF 1)
||§||2 52C3 And 2 A _
_ ) —tan(z/4) — R H +OdI51%) + O (e71131) n=3 (12)
1912 &3C4 . .
—tan(t/4) — —;r + HE +OU5IM + 0O (3[1 + [logIFDI]) n=4
”)A)”2 Sn_lcn And g1
—tan(t/4) — + - +O0U3IM + O =3 n=>5
2r (n—2)||y|I"2 157 g
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in the region where both ||$]| and "~ 'G(u(||9|])) remain small. Here d = d(«, v) and
r = r(«, t) are the quantities in (9), while

cos(Ra + 1'/2)(1 + log(csc(oc) 0052(1/4)))
(COS(O!) + cos(o + 1:/2))2
cos(Qa + 1/2)
(cos(a) + cos(a + r/2))2(2 csc(a) cos?(t/4))

In a similar manner, one finds that the equation satisfied by the image under stereographic
projection of the other hypersphere Rg(ﬂ_r (So) is YL(I3ID) = =G (I3 1)-

The task is now to find a truncation and re-scaling of the catenoid that ‘fits’ exactly within
the gap between the two perturbed hyperspheres. The precise dimensions of this catenoid
will be found by matching the asymptotic expansion of the graphing function given in (2) to
the expansion (12) in the highest-order terms.

The upper and lower halves of the catenoid scaled by a factor & are the graphs y! =
+EF(||y||/&) where F(x) = flx (02"_2 — 1)71/2da. Hence one has the asymptotic expan-
sion

=
(13)
Cp =

n—2"

=3 55

&
——+0| —
413117 1911

gnfl §3n73 §5n75 (14)
gcy — — - ~ + Ol — n>3
T =2I30m2 260 =4y 191136
where ¢, is yet another constant. If one compares the asymptotic expansion (14) (multi-

plied by —1) with the asymptotic expansion (12), then the matching is optimal if: € = ¢ in
(n=2)/(n—1)
eCy

&log(2/&) + &log(lIyI) — n=2

EF(IyI/e) =

dimension n = 2 and & = in higher dimensions; and ¢ is chosen to satisfy
the equation & log(2/&) = tan(t/4) + ec; in dimension n = 2 and ec = tan(t/4) in higher
dimensions.

The scale factor ¢ := ¢(7) is determined by the considerations above. Furthermore, the
location where the catenoid must be truncated in order for the gluing to take place with opti-
mal error can be determined by similar considerations. That is, once ¢ and & have been found,
then the error | F(||y]]) — G¢(||9])] is the smallest when y is chosen to lie in a range where
the quantity 5 | §1|? + 55— 191"
pe 1= £B3n=3/6Gn=2) Thys one must truncate the &-scaled catenoid exactly at || 9] = p. for
an optimally smooth gluing.

is minimized. This occurs when || y|| = O(p,) where

2.3.5 Assembling the approximate solution

The first step is to construct a smooth hypersurface with boundary in R**! that interpolates
between the stereographic coordinate images of a pair of perturbed hyperspheres near the
yl—aXis. Denote these objects by S+. Now let n : [0, 00) — R be a smooth, monotone
cut-off function satisfying n(s) = 0 for s € [0, 1/2] and n(s) = 1 for s € [2, 00). Define

the function Fy ; : Ba,, (0) \ B:(0) C R" — R by

Foe (D) = e(1=n(I31/p)) FASN/&) + ndI3N/ o) Ge (IS (15)

Then define the hypersurfaces £F = {(£F,(9).9) : [§] € [e.2pc]) so that =, :=
E;L U X is a smooth hypersurface connecting Sy \(R x By, (0)) to S_\(R x B, (0))
through the catenoid.
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Pushing forward to the sphere, one now has a small catenoidal hypersurface Rilf:;l/z o

K~'(Z,) that overlaps perfectly with the pair of perturbed hyperspheres Ré‘a Tt (Sy) and

Rlzi;ﬂr (50,) inside a small tubular annulus of the geodesic y near the point Rilj_t}z (p).

The second step is to connect the hypersurfaces above together according to the following
definition. Note that there exists a radius p. so that the boundary of Rg e (S \Bj, ( pHU

k+1
Ra+2r

37). Clearly f, = O(pe).

(8¢ \Bj, (p~)) under the stereographic projection Riﬁ_t}z o K coincides with 8(2:‘ U

Definition 5 The approximate solution with parameters « and 7 is the hypersurface

Agr = [U Rie (Sa\(Bs (p*) U B, (,,—)))} U [U R 0 K*(ia)} (16)

k=0 k=0

where ¢ = ¢(7) is the scale parameter associated to 7.

Note that when the angle 2 + 7 is a rational multiple of 277, then A, is acompact immersed
hypersurface of S” that winds around the geodesic y an integral number of times. In this case,
Ry, 4+ generates a finite cyclic subgroup of SO(n + 1) of order N and the infinite unions
in (16) can be replaced by finite unions from k = 0 to k = N — 1. Furthermore, Ay ; is
embedded if and only if it wraps around y exactly once. If 2« + 7 is not a rational multiple
of 27, then ]\a,, is non-compact. It will henceforth be assumed that 2« + 7 is a rational
multiple of 2. The analysis that follows can readily be adapted to the case of general 2« + 7.

This section of this article concludes with the following identification of the various regions
of [\a,r- Let Cyl(p) := {(y', 9) € RxR" : ||| < p} denote the cylinder of radius p parallel
to the y!'-axis in R x R”.

Definition 6 The approximate solution A ; is divided into the following three regions.

o Let NF = R¥*+1 o k1 (flg N Cyl(ps/2)). Then Ny := U,fio./\/s/‘ is the neck region of

a+1/2
Aar. 2U+1 =
o Let Th* = Rajt/z o K712 N [Cyl2pe)\Cyl(ps/2)]). Then T := Upey [T5+ U

’Z;k’_] is the transition region of 1~\a,r.
o Let&l = RS, . (Su\(Bs (pT)UB; (p7))). Then & = UpSy EF = Aur\[N: UT;] is

the exterior region of Ay .
2.4 Symmetries of the approximate solution

It is clear that 1~\a,f is invariant under the group generated by Ryq.+-. The additional symme-
tries possessed by A, ; will play an important role in the forthcoming analysis. The first set
of symmetries is defined as follows. Define S%l € O(n+2) by choosing B € O(n) and then

setting
o
01
Sz ( 01

which is the transformation keeping the x® and x!' coordinates fixed while rotating the remain-
ing coordinates by B. That each S%l is a symmetry of A, ; can be seen as follows. First,
S%l commutes with Ry, so that it is sufficient to check that one perturbed hypersphere,
one neck region NEO and one pair of transition regions ’];()i are preserved by Sgl. But this
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holds because the construction of the interpolating catenoidal neck guarantees that rotational
symmetry around the y'-axis in the stereographic coordinates is preserved.
One additional symmetry must be identified. Define the reflection T € O (n + 2) by

TGO xh X2, " = @0, —x!, %2, .., 1",

That T is also a symmetry of 1~\0¢,I can be seen as follows. First, T o Ryy4r = R;al_’_r oT so
that 7 permutes the perturbed hyperspheres and the interpolating catenoidal necks amongst
each other, perhaps with opposite orientation. The change of orientation does not matter for
the perturbed hyperspheres because the graphing function G satisfies G(u) = G(wr — ).
Moreover, the catenoidal necks and transition regions were constructed so as to be preserved
under the transformation y' — —y! in the stereographic coordinates. Hence the change of
orientation does not matter for these either. Thus 7 is also a symmetry of 1~\ayf.

2.5 The analytic set-up
2.5.1 Deforming the approximate solution

The approximate solution ]\a,f constructed in the Sect. 2.3 has mean curvature almost equal
to H, everywhere except in the neck and transition regions where the mean curvature tran-
sitions to zero (but perhaps in non-uniform way due to the errors introduced by the cut-off
functions). The next task is to develop a means for deforming [\a,r into an exactly CMC
hypersurface, with mean curvature equal to H.

Since Ag.; is a hypersurface, it is possible to parametrize deformations of Ag . in a
very standard way via normal deformations. These can be constructed by choosing a func-
tion f : Ao,  — R and then considering the deformation ¢ : Aa : — S"*! given by
¢r(q) == exp,(f(q) - N(¢)) where exp, is the exponential map at the point ¢ and N(g) is
the outward unit normal vector field of A, at the point . For any given function f, the
hypersurface ¢ ¢ ([\a,f) is a normal graph over f\a,r, provided f is sufficiently small in a
C! sense. Finding an exactly CMC normal graph near A . therefore consists of finding a
function f satisfying the equation H b (Rae) = H,, where H, denotes the mean curvature
of a hypersurface A.

Definition 7 Let @, ; be the operator f —— H,

6 (Aarr — Hy.

This is a quasi-linear, second-order partial differential operator for the function f whose zero

gives the desired deformation of [\a,r-

2.5.2 The Banach space inverse function theorem

Finding a solution of the equation @, () = 0 when 7 is sufficiently small will be accom-
plished by invoking the Banach space inverse function theorem. To provide a focus for the
remainder of the proof of Main Theorem 1, this fundamental result will be stated here in
fairly general terms. See [1] for a proof.

Theorem (IFT) Let ® : X — Z be a smooth map of Banach spaces, set ®(0) := E and
define the linearized operator L := D®(f) = %GZ'(f + su)|s:0. Suppose L is bounded
and either L is invertible and satisfies

£~ @) < Clizll (17a)

@ Springer



238 Ann Glob Anal Geom (2009) 36:221-274

forall z € Z; or else L is surjective and possesses a bounded right inverse R : Z — X
satisfying

IR@I = Clizl (17b)

forall z € Z. Choose p so thatif y € B,(0) C X, then
1

L(x) — Do < — 18

1£(x) M@ = 2 llx]] (18)

forall x € X, where C > 0 is a constant. Then if z € Z is such that

P
El < 2 19
lz—Ell = 55 19)

there exists a unique x € B,(0) so that ® (x) = z. Moreover, ||x|| <2C|z — E||.

As the statement of theorem makes clear, it must be the case that [ZO, 7 18 surjective in order
to solve the equation &, . () = 0 in a Banach subspace X of at least C? functions on AO, -

In addition, it is necessary to establish the three fundamental estimates (17), (18) and (19)
of the theorem. It will turn out that D®,, . (0) is invertible in the setting of Main Theorem 1
and the first of these estimates, called the linear estimate is proved in Sect. 2.7 after some
preliminary work in Sects. 2.6 and 2.5 that helps identify the correct Banach subspace X.
The second estimate determines the variation of the operator D&, . (f) as f varies. The
third estimate is of the size of @, ;(0) in the norm of Z. The latter two estimates, called the
non-linear estimates, are proved in Sect. 2.8. In all the three estimates, it will be necessary to
determine explicitly the T-dependence of the constant C in order to apply them in a uniform
way when 7 is close to zero.

2.5.3 The linearized operator and the Jacobi fields

In order to solve the equation ®, . (f) = O, the linearized operator D®, . (0) (hereinafter,
abbreviated Ea,f) must satisfy two fundamental requirements: it must be surjective; and it
must possess a right inverse bounded above by a constant independent of 7. It is, however, a
general phenomenon in singular perturbation problems that the linearized operator often has
a kernel and a co-kernel, as well as small eigenvalues tending to zero as the singular param-
eter (in this case 7) tends to zero. These are the obstructions preventing the deformation to
an exactly CMC hypersurface.

The origin of these obstructions in the present case is geometric. To see this, recall the
general fact that any one-parameter family of isometries of the ambient space in which a
CMC hypersurface is situated gives rise to an element in the kernel of the linearized mean
curvature operator as follows.

Lemma 8 Let A be a closed hypersurface in a Riemannian manifold X with mean curvature
Hp, second fundamental form B, and unit normal vector field N . If R, is a one-parameter
Sfamily of isometries of X with deformation vector field V = %Rz| then the function
qv = (V, Np) belongs to the kernel of A.

=0’

Proof Since R, is a family of isometries, then H(R,(A)) = H(A) for all ¢ and dz =0
H(R;(A)) = 0. The function gy := (V, N) is thus in the kernel of DHx (0) because gy
generates a normal deformation of A whose action, to first order, coincides with R;. O
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Both kinds of obstructions to the solvability of the equation @, - (f) = O on [\(” (namely
those corresponding to elements in the kernel and those corresponding to small eigenvalues)
can be explained using Lemma 8. First of all, since rotations of $"*! are isometries, every
one-parameter rotation of 1~\a,1 generates a function in the kernel of ZO,,T exactly as in the
lemma. These functions are known as Jacobi fields. Second of all, one can imagine transfor-
mations of 1~\0(,r which rotate exactly one of its constituent hyperspheres or catenoidal necks
by a rotation in SO (n + 2) while leaving all the other constituent hyperspheres and necks
fixed. The associated function gy coincides with an exact Jacobi field on the constituent
being transformed and vanishes on the other constituents of f\a,r. It is well known that the
linear span of these functions approximates the small eigenspaces of £, ; [12, Appendix B].
These functions will be called approximate Jacobi fields.

The existence of these two types of obstructions makes it impossible to meet the require-
ments for solving for the perturbation of A, , into a CMC hypersurface. One way to avoid
these obstructions is to exploit the natural symmetry of A, ; and then to deform 1~\a,f equiv-
ariantly; i.e., by normal deformations corresponding to functions on ]\a,f that are invariant
under these symmetries. The key is to have enough symmetries so that there are no Jacobi
fields—either approximate or true—that are invariant with respect to all of these symmetries
at once. That this situation holds for 1~\a,r will be shown in Sect. 2.7.

To continue, it will be necessary to have an explicit representation of the Jacobi fields
and approximate Jacobi fields of Aq <. First, it is clear what the true Jacobi fields of /N\(”
look like: they are of the form (V, N) where V generates a rotation and N is the unit normal
vector field of [\a,,. Second, according to [12, Appendix B], the approximate Jacobi fields
can be constructed by multiplying the function (V, N) by a cut-off function whose support is
exactly one of the constituent hyperspheres or catenoidal necks of A ;. It is thus necessary
to understand the functions (V, N), as V ranges over all generators of SO (n + 2), restricted
to a hypersphere or to a catenoidal neck. What follows is a presentation of these functions.

1. Jacobi fields of the hyperspheres.
The linearized mean curvature operator of S, is easily computed to be

L, = sin"2(a) (Asn + n)

Therefore, the Jacobi fields of £, are simply the eigenfunctions of the n-sphere with
eigenvalue n. In the context of Lemma 8, these can be derived by considering all the
non-trivial rotations of Sy, namely, the rotations generated by the vector fields

Vi ::xk$ —xO% fork=1,...,n+1.
Taking the inner product of Vj with N, and restricting the resulting function to S, gives
a Jacobi field for each k. This procedure yields the coordinate functions x* restricted
to Sy.
2. Jacobi fields of the catenoidal necks.

The catenoidal necks of /N\a.f are catenoids ¥ in R”*! that have been re-scaled and embed-
ded in S" by the inverse of the canonical stereographic projection. It turns out that when
the scale parameter ¢ is sufficiently small, it is sufficient to consider the Jacobi fields of
Y treated as a hypersurface in R”+!, where the ambient metric is Euclidean (rather than
the one induced by stereographic projection from the sphere) and the ambient isometries
are the rigid motions of R"*!. The linearized mean curvature operator of X with respect
to this background is easily computed to be
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r 1o n_n 0 A nn—1)

E'_F@(‘ﬁ )W ot T

in the standard parametrization of Definition 3. The isometries generating the relevant
Jacobi fields of ¥ are as follows. First, the ambient space R"*! = R x R possesses 7
translations along the R" factor and one translation in the R direction, which are generated
by the vector fields

0
thrans ::W fork=1,...,n+1.

Then there are n rotations of R x R” that do not preserve the R-direction, which are
generated by the vector fields

B B
. 1 k
Vf/?t'_y —ayk -y —ayl fork=2,...,n+1.

Finally, the motion of dilation in R"*!, though not an isometry, does preserve the mean
curvature zero condition and is thus a geometric motion to which Lemma 8§ can be applied.
Dilation is generated by the vector field

n+1

Vdil y—
"2

The Jacobi fields of Ly arising from the three classes of motions above can be found by the
procedure of Lemma 8. One obtains the following non-trivial functions:

—— trans\ __ ¢2(S)
J1(s) = (Ng, V| )—r(s) k
Ji(s,©) = (Ng, V™) = —?7] k=2,....n+1
P (s)
v 20)
Jik(s, ®) := (Ng, V[ = ®k(¢n_1( ) +¢(S)) k=2,....n+1

Y (5)(s) 1

o) 9 2s)
Note that the functions J; with k # 0 have odd symmetry with respect to the central sphere of
3, i.e., with respect to the transformation s +— —s, whereas Jix and Jy have even symmetry.
Note also that J; is bounded while Jy has linear growth when the dimension is # = 2 and is
bounded in higher dimensions; J; decays like exp(—(n — 1)|s|) for large |s|; and Jix grows
like exp(|s|) for large |s|.

Jo(s) == (Ny, Vaily =

2.6 Function spaces and norms

It does not seem possible to obtain a ‘good” linear estimate of the form || £y ()| = C|lu||
with any straightforward choice of Banach subspaces and norms, where ‘good’ in this case
means it has a constant C independent of 7, due to the presence of Jacobi fields and approx-
imate Jacobi fields. In order to remedy this situation, one must implement two ideas. As
mentioned above, the first of these ideas is to impose symmetry conditions on the functions
chosen for deforming [\a,r which have the effect of ruling out the Jacobi fields. The second

@ Springer



Ann Glob Anal Geom (2009) 36:221-274 241

idea is to introduce a special norm to measure the ‘size’ of functions f € C># (Aa,t) in order
to properly determine the dependence on the parameter t of the various estimates needed for
the application of the inverse function theorem.

The norm in question is the so-called weighted Schauder norm. To define this norm, one
must first define a weight function on IN\(”. Let ¢ = ¢(t) be the scale parameter of Agz,
recall the definitions from Sect. 2.3 and fix some pp independent of t satisfying p, > 2p,
such that the balls of radii 2 centred on two different neck regions do not intersect.

Definition 9 The weight function ¢, : 1~\a,f — R is defined by

 cosh(s) q=RE, o KNy (s), £4(5)0) € NF
Interpolation g € T,

() - |disi@.y) g€ &N [ULY B (RE, ()]
merpolation g & €0 [ UL (Ban (R0 (225500
p0 g € &N [UIS) Ba (RES 1))

The interpolation is such that ¢, is smooth and monotone, and is such that ¢, is invariant
under the symmetries of f\a_,. The weighted Schauder norm is then defined as follows. (The
weighted norm below is essentially an adaptation of the weighted norm used in [24].) Let T
be any tensor on ]\a,f and letf C ]\a,, be any open subset. Recall the notation

sup [ T(g)l
qgelUd

IT 0,14

I7(q") — Eq.q' (T (@)

and [T]gu s .
P q,.q9'€U dlSt(‘]s q/)ﬁ

)

where the norms and the distance function that appear are taken with respect to the induced
metric of 1~\ayf ,while E, , is the corresponding parallel transport operator from ¢ to ¢". Now
let Tub, (y) be the tubular neighbourhood of y having width p; and for any arctan(e/2) <
p < po define the annular region A, = IN\(” N [Tubp(y) \ Tub,,/z(y)]‘ Then the norm on
any subsetf C A, is

| flpsuna, = &2 flouna, + - + ¢ (0)IV! flouna,
+e TP OV Flpuna, -

Now make the following definition.

Definition 10 Leti/ C Ay .. The Cé’ﬂ norm of a function defined on ¥/ is given by

I
flet g = Z(; V' 1o, [ Rur W] + v f1 B Rar\Wo]
pm

+ sup |fligsuna,- 21
PEe,po]

The notation for the norm | - | c ) will be abbreviated | - | chBs but Cé’ﬁ norms over other
)

LB, %
5 (Aa,z
subsets will be written out in full. Now let X be any space of tensor fields. The Banach space
Cg’ﬁ (X) denotes the C!-# tensor fields in X measured with respect to the norm (21). Finally,

it is well known that all the ‘usual’ properties that one would expect from a Schauder norm
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(multiplicative properties, interpolation inequalities and so on) are satisfied by the weighted
Cgc’ﬂ norms.

The choice of the Banach space in which a solution of the deformation problem will be
found is governed by the following considerations. The functions must be C># and they
must be measured with respect to the ng’ﬁ
to all the symmetries of A, ; since this will have the effect of ruling out the presence of

non-invariant Jacobi fields. The following space meets all these needs.

norm. Also, they must be invariant with respect

Definition 11 Let X := {f : Agr— R: foRyytr = foTl = fandfoSOBl =f VBe
SO(n)}.
Since Ryy 41, T and all Sgl are isometries of S, then @y ; (f) o Rog41r = Po,r (f 0 Rog4r) =

D, (f) and similarly @q - (f) 0 SY = @y - (f) o T = Py (f) whenever f € X. Hence
®,.r can by symmetrized to yield a new operator (which will be given the same name) ® ; :

X — X.In addition, it is easy to verify that ENO,,, : Caz’ﬂ(X) — Cg’_ﬁz(X) is a bounded oper-
ator whose operator norm is bounded above by a constant independent of t.

2.7 The linear estimate

The most involved estimate necessary for invoking the inverse function theorem in the proof
of Main Theorem 1 is the linear estimate, i.e., the estimate (17) of the linearization L, ; from

below. The purpose of this section is to prove this estimate in the Banach space CBZ"3 (X).
Because the second-order part of Ea,f, namely, the Laplace operator, has a double indicial
root when the dimension of A ; is n = 2, the proof of the estimate is more complicated in
this dimension. Thus the easier case of dimension n > 3 will be given first. The method will
be to construct an explicit solution of the equation L, (1) = f by patching together local
solutions on the neck region and away from the neck region.

Proposition 12 Suppose n > 3 and choose § € (2 —n, 0) and t > 0 sufficiently small. The
linearized operator Ea,t : Caz’ﬁ (X)) —> C?’f; (X) satisfies the estimate

Lozl cop = Clulc2s
where C is a constant independent of T.

Proof The patching argument requires two carefully defined partitions of unity for the var-
ious pieces of Aa . First, for any p € (pg, po), define 5"(,0) = 6" \ Tub,(y), and define
N k(p) to be the disjoint component of Tub,(y) containing N}. k. Next, deﬁne the smooth,
monotone cut-off functions
k
Xow.p(@) = [1 9 €& Q)
’ 0 gehAy:NTub,(y)

o) =1 4 € Ne@o)
neck,p ! 0 q € [\q,f\Tubp(y)

so that Z,ivz_()l X(i{xt, »t Zk 0 Xn eck,p = 1 Finally, define another set of cut-off functions

1 ge&k

k e
@) [0 g€ Rar\[ZF UL UTL]
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1 geNF
nﬁeck(q) :=[ ‘

0 g€ Ag\[TFUNFUTEH]

so that once again Z,]{V;Ol nk. + Z/i\:ol nfl ot = 1. In addition, one can assume that these
cut-off functions are invariant under all the desired symmetries.

Suppose now that f € Cg‘_ﬁ »(X) is given. The solution of the equation Lo () = f will
be constructed in three stages: local solutions on the neck regions will be found; then local
solutions on the exterior regions will be found; and finally these solutions will be patched
together to form an approximate solution which can be perturbed to a solution by iteration.
To begin this process, fix a small p € (pg, po) and write f = Z,iV;Ol fko+ Z,I(VQOI 1k

neck
where fk, = f- Xfx,’p and fr{‘eck = f- Xr]feck,p' The various symmetries satisfied by f
ensure that f%, , := feu,, and ffech ) = Jneckp for all k. Also, fy o SO = f.p for all

BeO@m)and fi,0T = fi p.

Step 1. Local solutions on the neck regions. For each k, the subset K o R;_f_ztk/;l) (/\/gk (,0)) -
R x R" is the union of two graphs over the annulus {y : ¢ < [|¥]| < p'} € R" for some p’
which is small but independent of €. The graphing functions are y1 = :l:ﬁ}(” vl as defined

in Sect. 2.3. Furthermore, K o R;frk/;l)

eX. Consequently, the function f. and the equation LN(“ (u) = freck can be pulled back to
a compact subset of ¢ X. In this formulation, this compact subset carries a perturbation of the
catenoid metric 4¢2 gx. However, f,.x will be viewed as a function of compact support on
the complete catenoid £ X carrying exactly the metric 4s2gy, and the equation that will be
solved in this step is iﬁgz (u) = freck where %Esz is the linearized mean curvature operator
of ¢X with this metric. In addition, fjeck,p is invariant under the symmetries of ¢ ¥ induced
by the transformations (y!, $) — (—=y', $) and (y', §) — (¥', B) forall B € O (n).
Parametrize the catenoid by (s, ®) as in Definition 3 and let | - X denote the

(-Mé( (,o)) is a perturbation of the e-scaled catenoid

|C§~“ (8a

standard weighted Cé’ﬁ norm on ¢ %, so that

il i o) = 16 cosh)Pulo,ex + -+ + (e cosh(s) ™+ Vo ex

+[(e cosh(s)) TPV u]g o5

where the norms and derivatives correspond to the metric on € X. In this parametrization, the
symmetries induced on functions of e X are u(s, ®) = u(—s, ®) and u(s, ®) = u(s, B(®))
for all B € O(n) (which just says that « is independent of ®). The corresponding spaces of
functions invariant under these symmetries will be denoted by Céifym (eX).

A standard separation of variables argument shows that when § < 0, the kernel of the
operator %ﬁez : Cg’ﬂ (eX) — C;)’fz(eil) consists of the linear span of the Jacobi fields
{Jr : k =2,...,n+ 1}. However, none of these Jacobi fields is invariant under the sym-
metries (s, ®) —> (s, B(®)) for B € O(n). Hence the operator %Laz : C;’gm(sil) —

b

5-2,5ym(€X) 1s injective for § < 0; and by duality it is surjective for § > 2 — n. Let

Uneck € CHP(£3) be the unique solution of the equation %ﬁgz (Uneck) = [fneck- The estimate
|””“’<|C2'5(sz) < Clfneckl 08 €x) = Clflgos is valid, where C is a constant indepen-
) 62 62

dent of &. With slight abuse of notation, extend this function to all of A, ; by defining
—_ N—1 . -
Uneck "= D k—o Xrlfeck,p' Uneck- One has the estimate |Mneck|C52,ﬂ < C|f|cg,ﬁ2.
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Step 2. Local solutions on the exterior regions. Given the local solution u,.q; constructed in
the previous step, choose a small « € (0, 1) and define

feljct = Xé/fxt,,(p (f - Ea,r('/_[neck))-

This function vanishes within an e-independent distance from the union of all the neck
regions of A, ;. Therefore one can determine without difficulty | fe’;,lco,;; < C¢lfl ey
52

for some constant C, that depends on « and §. Here, | - |05 is the un-weighted Schauder
norm.
By symmetry, one can say that fe];, = feu for each k. In addition, f,, is invari-

ant under the symmetries 7 and S%l for all B € O(n). Denote the space of C# func-
tions on S, possessing these symmetries by Cgﬁl(Sa). The function fex, can be viewed
as a function of compact support on the perturbed hypersphere Sy. Since S, is a normal
graph over the hypersphere S,, this function can be pulled back to the hypersphere S .
The metric carried by S, in this identification is a perturbation of the standard induced
metric sinz(oz) gs. However, the equation that will be solved here is £, (1) = fm where
Ly is the linearized mean curvature operator of S, when it carries the unperturbed metric
sin?(«0) gsn .

By another standard argument, one can show that the kernel of £, on S, consists of the
linear span of the coordinate functions x* restricted to S,. None of these functions satisfies all
the required symmetries; hence the operator L, has no kernel when the symmetry conditions
are imposed and thus L, : Cayh (Se) = Corb(S,) is bijective. Let ey € Ca(Sa) denote
the unique solution of the equation Ly (teyr) = fext- One has the estimate |uext|c2~/3( S =
C|fext|C(M5 < Ck|f|C0-A‘3-

§—2

To proceed, recall the (1, ®) € (0, ) X St parametrization for S, \ {p™*, p~}. By exam-
ining the Taylor expansion of u,,; at the points ;1o = 0 or ;o = 7 and invoking its symmetries,
one finds that uey = @ + Vey Where @ := ey (10), While [vey ()] < Celt — pol*| f Icg,f2 .

One can now extend u,,; to all of i\a,r as follows. Recall that Jj is the bounded Jacobi field on
the neck having even symmetry, which can be normalized to have the asymptotic expansion
Jo(s) =1+ fg (s) where io(s) = O(cosh®"(s)) for large |s|. Now define, again with slight
abuse of notation, the function

N-—1 N-—1
= o k k J
Uext = Next * Uext + Nneck = 4J0-
k=0 k=0

Step 3. Estimates and convergence. In the preceding two steps, local solutions iteck and i ey
on the neck regions and on the exterior regions, respectively, were found and extended to all
of Ay r. Define it := ltpeck + texr. Then

N—-1
[:a,r('/_‘) -f= z [U’Jx,([:a,r — Lo)(Wexr) + Xrlzceck,/(p (za,r - %ﬁsi)(uneck)
k=0
1o Lo = $Lew) @I0) + (L Mo )@ o) + Lo 1))

(22)

where [£, n](u) := L(nu) — nL(u). Each term in (22) will be shown to be small in the C;)’_’SQ
norm.

Begin with the first term in (22). Note that this term is supported in & meaning that
it vanishes within a distance of p, = £©"=3/G37=2) from the centres of the neck regions.
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The fact that the operator £, differs only very slightly from the operator £, away from
the neck regions is the key to deriving the estimate. That is, because Ag ; is the normal
graph over S,, of the function o 4 "~ G defined in Sect. 2.3, one can use Lemma 2 to find
the form of ZO,,T. This yields a rather unwieldy expression; however, with some work one
finds

(Lae — La) @) = (A = Ag)w) + (|B* = || Ba||Pu
_ Au+ 02 VEG|IVG]) - Vu + O 2| VG|?) - Vu Au
N sin?(« + "1 G) sin? («)

nsin*(o + " 1G) cos?(a + "1 G) + O 2| V3G |?) )
— — — —ncot“(a) u
(sin®(a 4+ €1 G) + 272 ||VG|?)3

= O™ VIG|IVG]) - Vu + (0" 'G) + O 2| VG|?) - Vu
+H(OE"'G) + O 2VEG|))u (23)

evaluated on an arbitrary function u € Caz’ﬂ (]\a,f), where A is the Laplacian of ]\a,, and
B is its mean curvature. The notation O(x) - VAu means a linear quantity in V¥u with
coefficients satisfying O(x). The reason one reaches (23) is because the largest terms of
A — Ay and Il B 12 = ||Bg I3, as computed from Lemma 2, have been retained at the expense
of all the smaller terms. By recalling the expansion of G given in Eq. 5, one can now com-
pute

~ (4n—3)/(3n—2) |u

_ (4n—3)/(3n—-2)
[(La,z ﬁa)(”ext”cg_z(gg) <Ce¢ <Ce¢ |f|C?‘f2'

ext|C§.ﬁ(5€)
An estimate for the Holder coefficient can be found by similar computations.

Next, using the fact that the operator £, ; differs only very slightly from the operator L5
near the neck regions, one can estimate the second term in (22). Begin with the computa-
tion in ./\/f Here, one employs Lemma 4 and the parametrization for the catenoid used in
Definition 3 to calculate

Loel) = A2Lex )+ @ —mA (LEE00) 2y (1462 (30— L)) 9)

where A = %(1 + az(wz + ¢2)). Therefore

|(Lae = 3Lex) (nec) 0oy = O€” cosh? () Vitneck + O cosh(s)) Viteck

+ OWuneck = Ce> O D uyeer] 2

S ngz(Sn—3)/(3}‘!—2)|f‘|c0’B .
82

Now consider the same quantity further away from the neck region, in the region Nsk 2k p).
Similar calculations can be performed, this time computing £, , from Lemma 4 with a
parametrization of a small perturbation of the catenoid. The perturbation introduces addi-
tional error terms, but the largest error still comes from the O(1) terms. Hence one obtains
the estimate

~ 1 2 2
[(La,r — 1582)(’/‘1190/()|C8_8(/\/€k(2,(p)\/\/sk) < Ck |uneCk|C§’ﬁ(Ngk(2Kp)\./\/€k) < Ck |f|C§);ﬁ2-
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Analogous Holder coefficient estimates can be found in the same way. In the end, one
finds

k A 1 2 2(3n—3)/(3n-2
|Xneck,Kp(['0¢,T - Z‘CEZ)(uneck)lcgv_ﬂz = C(K +¢ Br=3)/Gn ))|f|cg,_ﬁ2- (25)

The remaining terms in (22) are considerably easier to estimate. The third term can be esti-
mated in much the same way as the first. In fact, formula (24) applied to the function u = Jy
and the estimate |a| < Cluex|c2s < CK|f|Co,/s gives

82

(0 Lar = 3L£65) i o) 2 < Cee® M DIC21 ] o

Finally, the estimate of the last term follows from the fact that in the support of the [ia,f, n]
quantities, the functions vy, and afo are of size O([dist(y, )1?| f] 0B ) while the Cg’f; norm
§—2

of the coefficients of [Ly 1, n] are O(1) by definition of the cut-off functions. Hence an
estimate proportional to | f| %, is again valid, where the proportionality constant is of size
O(£263n=2)/Gn=3))
The outcome of the above analysis is that one has a function i € Caz’ﬁ (Ag.7) satisfying
the estimates |IZ|C2.5 < CK|f|Co,5 as well as
8 62

|L~(x,‘r(ﬁ) _ f|cr(s)7ﬁ2 < C(KZ + 82(3”73)/(3’172) + 8(4n73)/(3}172))|f|cgf2

where C is bounded above independently of . Since the constant in front of | f| cf, can
be made as small as desired by appropriate choices of ¢ and «, a straightforward iteration
argument now proves the existence of an actual solution u € Cf”g (Ag.7) of the equation
fa,r(u) = f satisfying the estimate |M|C52'ﬂ < C|f|C§;,32. O

A modification of the preceding proof, which takes into account the double indicial root
of L,,¢, can be found to handle the two-dimensional case.

Proposition 13 Suppose n = 2 and choose § € (—1,0) and t > 0 sufficiently small. The
linearized operator [la,f : C(?’ﬂ (X)) —> Cg'_ﬁz (X) satisfies the estimate

A -5
|Car)lcos = Celulc2s

where ¢ = &(7) is the scale parameter of i\a,t and C is a constant independent of t.

Proof The proof of the resultin dimensionn = 2 follows broadly the same plan as the proof in
higher dimensions. For given f € Cg’f;([\ayf), a solution of the equation Ea,, (u) = f must
be found and estimated. Begin by defining the different regions of A, ; and their correspond-

ing cut-off functions exactly as before, along with the decomposition f = ,}{V:_Ol ( f,{‘eck +
foa)-

The significant difference between this proof and the preceding one is how the local solu-
tions are found on the neck. The reason is that due to the indicial roots, there is no range of
§ in which the operator E.gz : C;ﬁm (X)) —> Cg’_ﬂ 2. sym (¢X) is both injective and surjective.
One must thus proceed differently.

First, recall that in dimension n = 2, the function Jj is the linearly growing Jacobi field on
the neck having even symmetry, which can be normalized to have the asymptotic expansion
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Jo(s) = =1+ |s| + Jo(s) where Jo(s) = O(cosh2(s)) for large |s|. The bounded Jacobi
field having odd symmetry is J; and can be normalized to have the asymptotic expansion
Ji(s) =1+ Ji (s) where Ji (s) = O(cosh™2(s)) for large positive s. Define a smooth, odd
function x : ¢¥ — R with the property x(s) = 1 fors > 1 and x(s) = —1 fors < —1.
Now set K1 := xJ; and define the linear subspaces D := spanp{Jy, K1}. Together, Jy
and K span all possible asymptotic behaviours corresponding to the indicial root at zero of
Lex. The following two facts hold, and are well known in the theory of elliptic operators on
asymptotically flat manifolds. The operator Ly, : C;_’g,m (eX)DdD — C((S),—ﬂz,sym is surjective
in the range 6 € (—1, 0) with one-dimensional kernel spanned by Jy. Furthermore, there
is a bounded right inverse mapping into Cazgm (eX) @ Do where Dy := spang{K;}. The
proof of these facts follows from a similar proof that can be found, for example, in [18] in
the context of CMC surfaces. Consequently, there is a solution uecx € C(szfvm (eX) & Dy of

the equation L (Uneck) = frneck) Which can be decomposed as ek = Uneck + a1 K1 where
Uneck € Cy by (eX) and ay € R satisfy

-5
|Vneckl 2.8 5 + & 11l = Clfneck| 08 o5y = CLf I cos

for some constant C independent of &.

Recall now that G is the singular solution of £,(G) = 0on S, \ {p™, p~}, for which one
has G(s) = yo + y1ls| + G(s) where G(s) = O(e2 cosh?(s)) and yo and y| are non-zero
constants. Note that yp = O (] log(¢)|). This follows from the expansion for G and a formula
for changing between the p-coordinate of S, and the s-coordinate of ¢ ¥ on the regions of
overlap. The function u,. can thus be extended to 1~\a_, by prescribing

N-1 N-1
Upeck = Z X,’feck,pvneck + Z (n,]ieck (b1Jo +a1K1) + nfxth)
k=0 k=0

where the constants b and c; are chosen to ensure matching in the constant and linear terms
of asymptotic expansions of ueq and G,i.e.,b; = —a1y1/(y1+y2) andci = —a1/(Yo+y1)-
In the end, this solution satisfies the estimates |u ek | > = Csly fl 0B as well as

8 §-2

|X]]1<gck,;(p (Za,r(ﬁneck) - fneck)|cl(;;ﬁ2 = C(K2 + 83/2+8| 10g(£)|)|f|cgf‘2-

Note that § > —3/2 is required to ensure that the quantity in front of | f| 0 smallas & — 0.
82

Now that one has the solution i, on the neck region and extended to all of ]\a,,, the
next step is to define fex, in the same way as before and find the local solution on the exterior
region of f\a,r. The extension to all of ]\a,f is again complicated by the fact that one must
match constant and linear terms in the Taylor series at the points p™ and p~. This can be
accomplished by using G and Jy. That is, define the extended function

N—1 N—1
Upy = Z ﬂ]e}, “(Uext +¢cG) + Z nﬁeck ~bJy
k=0 k=0

where b and ¢ are chosen to ensure matching in the constant and linear terms of the Taylor
expansion; i.e., b = —ay1/(y1 + y2) and ¢ = —a /(Yo + y1), where a = uy(0).

The remainder of the analysis is the same as before, and leads to a good approximate
solution of the equation Ea,f(u) = f. The solution procedure can be iterated to yield an
exact solution. The result is a solution satisfying the bound |u| c2f < Céd) fl P O
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2.8 The non-linear estimates and the conclusion of the proof
2.8.1 The non-linear estimates

According to the discussion in Sect. 2.5, the proof of Main Theorem 1 requires two more
estimates in addition to the linear estimate from the previous section: it is necessary to show
that @4 . (0) is small in the C((;)’_ﬂ » norm; and it is necessary to show that D&y ; (f) — Lfa,f
can be made to have small Cf’ﬁ -operator norm if f is chosen sufficiently small in the C;*’S
norm. These two estimates are the subject of this section. Once these estimates are given, it
will be possible to conclude the proof of Main Theorem 1 by invoking the inverse function
theorem. Begin with the first non-linear estimate.

Proposition 14 The quantity ® -(0), which is the mean curvature of 1~\¢”, satisfies the
following estimate. If T > 0 is sufficiently small, then there exists a constant C independent
of T so that

@, (0)] oy < Can=2/Gn=2) (26)

where € = &(t) is the scale parameter of [\a,f as in Sect. 2.3.

Proof The estimate (26) is the consequence of three separate calculations: in & where
[Ze| > 2pe, in T, where [¢| = O(pe), and in N where |¢:| < p./2. For the first of these,
one uses the expression for the mean curvature of a normal graph over the hypersphere S,
from Lemma 2 for the graphing function F = &"~!G. One obtains the expression

—&"VAG + nsin(a + "7 1G) cos(e + "1 G)
Asin(a + &' 1G)
212" 1G + cos(a + " 1G) sin(e + "1 G)|G?

- 27
A3sin(a + e""1G) 27)

H(exp(e" ™' GNo)(Sa)) =

where A is the Laplacian of the standard metric of S" and A = (sinz(a + " 1G) +

82”’202)1/2. Here G is the singular solution of (A + n)(G) = 0 and ¢ is very small. Thus
expanding (27) yields

H(exp(a"_lG)(Sa)) = ncot(a) — 82”_2((11 —2)G? + 2nG2) cot(ar) csc? (ct)
+eM30(1G1G* + |G| G* + |GIP).

Since H, = ncot(a) and using the expansion of G given in (5) as well as the fact that
dist(y, g) > p. in &, then one finds

|H([\a,f) - Hot|c§) 5(E) =< C8(2—8)(3n—3)/(3n—2).

This completes the supremum estimate needed for the Cg’_ﬂQ estimate in & . The Holder coeffi-

cient estimate needed for the C ;),_/32 estimate can be found in a similar (though more involved)
way.

The remaining two calculations use Lemma 4, namely, the formula for the mean curva-
ture of an embedded hypersurface in R"*! with respect to the metric induced from S"*! by
stereographic projection. Consider first the neck region A, whose image under stereographic
projection is a catenoid with vanishing mean curvature with respect to the Euclidean metric.
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Therefore by Lemma 4, the mean curvature at a point (¢ (s), ep(s)®) € eX N (L ) -
191 < pe}is

H(Agr)(s) = ne (1#(5)2 +(l'5(s)2)1/2 - O(e) n>3.

This is because ¢ (s) € [g, pe], while ¢(s) = O(¢(s)) and ¥ (s) = c(&, n) + O@P(s)>™")
for large s, where c(¢g,2) = O(|log(¢)|) and c¢(e, n) = O(1) for n > 2. Thus

POV () — P ($)p(s) {0(s| log(e)]) n=2

|H(Ra,r) = Halcy ;) < Ce®70Gnm2/Gnm2),

Once again, the Holder coefficient is similar, and yields the same sort of bound. Finally, it
remains to estimate the mean curvature in the region 7, whose image under stereographic
projection is the graph of the function F' := F, ; defined in Eq. 15. Let y = [I¥]l. Then at
the point (F(y), §) € . N{(y', ) : ps/2 < y < 2p,}, the formula of Lemma 4 yields
1+y2+F(y)2( F(y) (n=DF) )
2 L+ F(232 -y + F(yn))!2
n(F(y) = yF()
A+ FodH2
The function F(y) has the form

F(y) = ey + Coe" "' Ly(y) + n(0(2) + 0" 3y 7))

H(Ag0)(y) =

where L, (y) = log(y) whenn = 2and L, (y) = yz_” whenn > 3, while C,, and ¢, are con-
stants and 7 is the cut-off function whose Cg *# norm is bounded by an e-independent constant.
Using the fact that L, satisfies the zero mean curvature equation L,+ ”);,1(1 + I;%)l.,,, =0
then one sees that

|H([\a,r) _ Ha'CQ (T < Ce2—9)(3n=3)/(3n-2)

in the region y € [p:/2, 2p.]. Once again, the Holder coefficient estimate in this region is
similar, and yields the same sort of bound. O

The second non-linear estimate is essentially the same as [5, Prop. 26] and [6, Prop. 28].
The result is re-stated here for reference in the proof of Main Theorem 1 that will follow
below.

Proposition 15 The linearized mean curvature operator satisfies the following general esti-
mate. If ¢ > 0 is sufficiently small and f € ng’ﬁ(i\a,t) has sufficiently small Cg’ﬂ norm,
then there exists a constant C independent of € so that

ID®e o (f) (W) — Lae@)| o8 < Ce5 [l 2plul o (28)
52 8 8

for any function u € C?’ﬁ(i\a,r)-

Proof This holds because of the natural scaling property of the mean curvature operator. Pick
apointg € ]\a,f and work in geodesic normal coordinates in a neighbourhood ¢/ of g. Let
Uy denote the normal deformation of ¢/ determined by f. Now set s := {(g) and consider
re-scaling by the factor 1/s. The mean curvature at g satisfies Hy (Uy) = sT H; /s (s—u /5)
where H, is the mean curvature of a hypersurface of the sphere of radius . Hence

s> \DH Uy) (u) — DHy (Uo) (u)| = s~ °DH) /s (s ™" Uyss) () — DHy 5 (s~ o) ()]
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—1-s
= Cs™ U fle2s s 10 Ul 028 (5124

< O N 12 gl 2 4 (29)

by performing the scaling backwards. Here C is a universal constant independent of s.
Allowing ¢ to range over all the points in A4 ; now yields the desired estimate; the constant
appearing in (28) arises because the largest s~!*% can be in the right-hand side of (29) is
O, o

The proof of Main Theorem 1. The estimates for the proof of Main Theorem 1 are now all
in place and the conclusion of the theorem becomes a simple verification of the conditions of
the inverse function theorem. By Propositions 12 and 13 the linearization £, . is injective on

C?’ﬂ(X). But Ea,r — A is a compact operator so Ea,r has the same index as A on C?’ﬁ(X).

By self-adjointness, this index is zero, so that £, ; must be surjective as well. One has the
estimate

A1
|£a.r(f)|cﬁ2ﬁ < CLIflcgJ.fz,

where C; = O(e%) in dimension n = 2 and C;, = O(1) in higher dimensions. Now in order
to achieve the bound

- 1
D@y ()W) — ﬂa,r(u”Cg;ﬁz < E“’dcg-ﬁ,

forany u € Cg’ﬂ([\a,t), it is necessary to have | f| .24 < p where p = O(¢'=2%) in dimen-
8

sionn =2 or p = O(¢' %) in higher dimensions. Therefore by the inverse function theorem

of Sect. 2.5 a~10ng with Proposition 15, a solution f := f; ; of the deformation problem can

be found if A, ; has been constructed so that |® . (0)] OF = ﬁ. Since Proposition 14
§—2

asserts that
|Ba,c (0)] op = O I=I/Gn=2))
’ G ’
this is true so long as ¢ is made sufficiently small by a small enough choice of 7 and § is
chosen appropriately.

As a further consequence of these estimates, the Banach space inverse function theorem
asserts that the solution of the equation @ . (f,,r) = O satisfies the estimate

|f(x,7_’ |C2ﬂ — O(CLE(Z—(S)(3n—3)/(3n—2))
8
which is much smaller that €. Therefore the size of the perturbation of g\a,, created by the
normal deformation of magnitude fy, r is much smaller than the width of A atits narrowest
points, i.e., in the neck regions where the width is O(¢). Thus A ; remains embedded under
this normal deformation. This concludes the proof of Main Theorem 1. O
3 Gluing two Delaunay-like CMC hypersurfaces together

3.1 Introduction

The first main theorem asserts that if one positions hyperspheres of radius cos(c) in a highly
symmetrical manner, namely, equally spaced around an equator, then one can connect them
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to each other by small catenoidal necks and perturb the resulting hypersurface into one of
CMC, H,. These hypersurfaces should be considered the analogues of the Delaunay surfaces
in S°.

The celebrated constructions of Kapouleas [12], Mazzeo and Paccard [20] and Mazzeo
etal. [21] show that it is possible to connect Delaunay surfaces in R3 together in a wide variety
of ways and thereby deduce considerable information about the moduli space of CMCs. It is
therefore tempting to try to find a similarly robust procedure in S using the gluing methods
of the Sect. 2. Indeed, one can readily imagine an enormous multitude of less symmetrical
configurations of hyperspheres, positioned this way and that in S"*!, only satisfying the
condition that they meet each other tangentially (allowing catenoids to be inserted near the
points of contact). The question becomes when the approximate solution constructed from
such a configuration can be perturbed into a CMC hypersurface.

The purpose of this section is to give a construction of a CMC hypersurface based on the
configuration of hyperspheres corresponding to the fusion of exactly two of the Delaunay-like
hypersurfaces constructed in the previous section. The initial configuration of hyperspheres
in this case will be only partially symmetric and thus the analysis that needs to be carried out
will become much more complicated. One reason for this is the extra bookkeeping required
to keep track of the various pieces of the initial configuration. However, a more significant
reason is the presence of non-trivial approximate Jacobi fields of the linearized operator. A
new technique, based on the Kapouleas [12] and Korevaar et al. [17] balancing condition,
will be introduced to deal with this difficulty.

Remark The Delaunay-like CMC hypersurfaces of the previous section can be either
immersed and non-compact, or immersed and compact, or embedded and compact, depending
on the choices made during the construction. Such freedom is also available here, though in
this section of the article only compact CMC hypersurfaces will be found.

3.2 The new approximate solution

The approximately CMC hypersurface that looks like the fusion of two Delaunay-like
hypersurfaces in §"*! will be constructed roughly as follows. Consider two orthogonally
intersecting geodesics in S**1. Introduce the small spacing parameter 7 so that 0 < 7 < 27
and 2o + v = 2wm/ N for a pair of positive and relatively prime integers m and N, where N
is an even integer such that N /2 is odd. Now position the rotated copies of Sy in a symmetric
manner around both geodesics so that each rotated hypersphere is separated from its two
nearest neighbours by a distance .

Since this initial configuration of hyperspheres is less symmetric than before, one expects
to find non-trivial approximate Jacobi fields on the compact hypersurface formed by joining
the hyperspheres together using normal perturbations and small catenoidal necks as before.
Overcoming these Jacobi fields will require extra flexibility in the initial configuration. This
will be incorporated here by introducing small displacement parameters for each hyper-
sphere. These will be denoted by ox where k =0, ..., N — 1 and often abbreviated simply
by o. The idea is to rotate the kth hypersphere on each of the geodesics by an angle of
k(2a 4+ 1) + o which displaces it slightly from its ‘natural’ position. The details of the
construction outlined above will now be given.

3.2.1 Positioning the hyperspheres

Fors = 1, 2 let y, denote the geodesic of S"+! formed by intersecting " ! with the (x°, x*)-
plane. Define the following rotations
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cos(f) sin(@) 0| O cos(f) O sin(@)| O
| —sin(®) cos(®) 0] 0 _ 0 1 0 0
Rip = 0 0 1] 0 and Rao = | _Gin9) 0 cos®)| 0

0 0 0l 0 0 0 [l

generating motions around y; and y», respectively. Here 1,1 is the (n — 1) x (n — 1) identity
matrix.

Introduce the displacement parameters 00, ...,0n—1 and consider the set of all the
hyperspheres of the form Ry o, o Rv 2a+r(Sa) fors = 1,2and k = 0,..., N — 1. This
is a configuration of 2N — 2 hyperspheres wrapping m times around y; and another m times
around y». The initial configuration of hyperspheres is then

2 N-1
D(‘L'O’ U U Ry 1Ok ORS‘ 2a+r(S )- (30)
The separation between R; 5, o RA a4z (S¢) and its nearest neighbour R g, | © Rin—; +(Sa)
along the geodesic y; iS 7% := T + ox4+1 — 0. Note that precisely two pairs of hyper-

spheres amongst these coincide exactly: namely, Sy = R?,za ‘e (Sq) = ngza 4t (Sy) as well

as —Sy = R{%iﬂ (Se) = R%iﬂ (S¢). Note that if m = 1, then no other hypersurfaces

overlap and the initial configuration is embedded.

It will be important to preserve as many symmetries as possible in the construction of
the approximate solution. Note first that the displacement parameters along one geodesic are
equal to those along the other; this is meant to ensure symmetry with respect to the rotation
which takes y; into y». Though not strictly necessary for the success of the construction
(for example, it is possible to consider a different number of windings around each geode-
sic), this condition does simplify the forthcoming analysis. It will be necessary, however, to
impose reflection symmetries with respect to the x°, x! and x? axes. For this to be true, the
displacement parameters must satisfy

Ok = —ON/2—k = ON/2+k = —ON—k

3D
forall k=1,..., (N —2)/4.

o) =O0N/2 = 0 and

Thus it will be assumed that these conditions are in force from now on.

3.2.2 Perturbing the hyperspheres

Each hypersphere in Aa r.c must be perturbed in the normal direction in order to improve
its fit with the catenoids that will be used for gluing. However, there are two changes from
the method used before, which need to be incorporated into the construction: the normal
perturbation must be allowed to be different on each hypersphere; and the k = 0 and the
k = N /2 hyperspheres must be connected to four neighbours.

First, choose ey > Oand by € Rfork =0, ..., N — 1, and let Sa,ek,bk = exp(eZ_I(G +
brx')(Sy) be the perturbed hypersphere obtained from the normal perturbation correspond-
ing to the function G + bx!' : S, \ {p*,p~} — R Here, G is the singular solution of the
equation L, (G) = 0 that was used before, while xl=x! | s, is the first coordinate function
restricted to S, which is also a solution of the equation £, (x') = 0 on S, . The purpose of the
quantity by f is to allow the constant term in the asymptotic expansion of G + byx! near p*

@ Springer



Ann Glob Anal Geom (2009) 36:221-274 253

to vary. Then for s = 1, 2 and all k except k = 0, N /2 one obtains the family of perturbed
hyperspheres R o, o R§,2a+r(S‘1,5k»bk)'

Next, let pf = Ri}l (p) be the four points where the geodesics y; intersect S,. Now let
G’ : S\ {p{. Py, Py, Py} — R denote the singular solution of the equation Ly (G') = 0
defined by G’ := ¢(G + G o Q) where c is the constant whose purpose is to give G’ the
same asymptotic expansion, given in Eq. 5, at all the four singular points. Similarly, let
f = xlysa + x2|sa. Then for &g = ey2 > 0 and by = by/2 € R one obtains the two
perturbed hyperspheres

S,e00 = exXp(es ™ (G’ + bo f)Ne) (Sa)

S, ey = — EXDEN3 (G + by ) Ne) (S

3.2.3 Inserting catenoids and assembling the approximate solution

The appropriate perturbed, truncated and re-scaled catenoidal necks must now be found so
that optimal matching with the perturbed hyperspheres is achieved. However, this is a much
more difficult problem than before because the non-zero displacement parameters alter the
scaling parameters for each neck separately.

To begin with, choose &; > 0 and by € Rfork=0,..., N—1andlet igk-I;k = igk +by
denote the catenoidal neck defined in Sect. 2.3 but translated along its axis by an amount
bi. The purpose of the parameter by is again to allow the constant term in the asymptotic
expansion of the graphing function for the ends of the catenoid to Vary The idea is now to
choose &g, by, &k, by so that for every k, the neck Ry (o;+o_1)/2 © RY ot+7:/2 oK~ (Eek’bk)
matches optimally with the perturbed hyperspheres Ry 5, o Rs,Za it (Sa, eeby) and R 5, ©
ngolt _H (Sw.ey +1.besr) 10 the regions of overlap. To this end, one writes the image of the kth
and (k+ 1)* perturbed hyperspheres under the stereographic coordinate chart for the kth neck
as graphs over the y-hyperplane and equates the leading terms of the asymptotic expansions
of the graphing functions given in Eq. 12 with those of the graphing function of the catenoid.

For the positive end of the neck overlapping with the (k + 1)* perturbed hypersphere this
comparison yields the equations

Exlog(2/&x) + & log([91) + bx = tan(ti /4) — exy1( — e — Cax log([ 91D + bry1)n =2

- 1
- 8]? = 1 Cuk
grep — ———————— + by =tan(t /4) — &} | —————— + b1 In =3
Y T S\ -2 T

(32a)

where Cy and cy; are the quantities in (13) with t replaced by 7 and ¢, is the constant
appearing in (14). For the negative end of the neck overlapping with the kth perturbed hy-
persphere one finds

Ex log(2/&x) + & log([191) — b = tan(ti/4) — ex(— ek — Cox log(I91)) —bx) n =2
-n—1

= &k n 1 Chk
gxep — —————— b = tan(tx /4) — (7A - bk) n>3
=252 (n —2)|I$|I"2

(32b)

To solve equations (32), it is clear that one must choose &; := ¢ for all k, where ¢ > 0 is still
an unknown quantity; and then one must choose &; = £Cy; for all k in dimension n = 2 and
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v = eC ,ll,{("_l) for all k in dimension n > 3. The remaining equations for by and by then
become

n—1

- P
br +

(b1 +bx) =0

n—1

2

(brs1 — br) = Tk (33)

where Ty, = tan(ti/4) + eCo (1 — log(2/(¢C)) and Ty = tan(zx/4) — ec, CH" V.
One can check that this 2N x 2N linear system has a one-dimensional kernel spanned by
by = &'~ and by = —1 for all k and that the condition Z,I(v:_ol Tax = O guarantees that a
solution of (33) exists. This condition can be rearranged as

N—-1
Ve e > Cou(log(2/(eCop)) = 1) n=2
k=0
tan(ne/4) =1 = (34)
k=0 ) c,,Ci,é(n_l) n>3
k=0

so that the parameter ¢ can be determined uniquely from t and the displacement parameters
in this way. One can then find a solution, for by and by, that satisfies by = 0 and thus by 12=0
by the symmetry condition (31). It can be shown thatfork =1, ..., %(N /2 — 1) quantities
on the kth, (N/2 — k — 1)st, (N/2 + k)th and (N — k — 1)st necks are equal and quantities
on the kth, (N/2 — k)th, (N/2 + k)th and (N — k)th perturbed hyperspheres are equal for
the same reason. This solution satisfies the estimates maxy (8”’1 |br| + |15k|) = Of(e).

Remark The estimate for |by| will ensure that the errors introduced in the mean curvature
of S, by the perturbation corresponding to &~ Y(G + brx!) are of the same magnitude as in
Proposition 14 when the byx! term was absent

Once the parameters &g, by, & and by have been chosen according to the procedure above,
one can then assemble the approximate solution in the same way as before. Note that the
condition by = by, = 0 ensures proper matching of all four perturbed hyperspheres near
S' and S’

o,&0 a,Eeny”
Definition 16 Recall the terminology from Sect. 2.3.
e Define the neck regions

g 2k —1(¥
NEE = Ry ttonn 2 © Rigiep 0 KTH(ED 5 0 Oyl /2).

Set N5k 1= NSK+ U NSk~ These necks are oriented so that NS5+ lies ahead of

Nk~ along the geodesic s, and that the kth neck is centred on the point R (5,4, )2 ©

2k+1 ).
v a+r/2 . .
e Define the transition regions

T = Rutoacn 2 Rt o KU (EE 5 0[C1C00\ Col(pe/2)]).

&

Sethk Tsk-‘rUszk—
e Define the exterior regions

50 = ~(;€o bo\[Bps(l’ )UBps(Pl)UBps(P YU Bj (py )]
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eN? = g0

&€

gg,k ‘= Rs.5 © R§,2a+r (S‘a,sk,bk \ [Bﬁf: (p;_) U Bp, (pl_)])

#

o,T,0

The approximate solution corresponding to the configuration A can now be defined as

follows.

Definition 17 The approximate solution with parameters «, T and o is the hypersurface

2 N/2-1
Reco =80MU| | U (efuehFurshuastuzs Vo)
s=1 k=1
(35)

This definition contains no redundancy.

3.3 Symmetries of the approximate solution

The approximate solution ]\a,r,g is considerably less symmetric than before since symmetry
with respect to each R; 24+: separately no longer holds. However, it is important to realize
that Ag .., does still possess many symmetries that can be exploited to reduce the number
of approximate Jacobi fields that will have to be dealt with during the perturbation of A ¢ o
into a CMC hypersurface. These symmetries are as follows.

1. Transverse rotational symmetries.
Define the transformation S%lz € O(n +2) by choosing B € O(n — 1) and then setting
1
1 |0
S%lz = 1
0 |B

which is the transformation keeping the x°, x! and x? coordinates fixed while transform-
ing the remaining coordinates by B. Each 5%12 is a symmetry of Ag ., by arguments
similar to those for the analogous symmetries in the construction of the Delaunay-like
hypersurfaces in the previous section.

2. Reflection symmetries.
For s € 0, 1, 2, define the reflections 7Ty € O (n + 2) by

Ts(xo,...,x”):z (xo,...,—xs,...,x”).

These reflections satisfy: Ty o Ry g o Ty = R;é fors =0,land Tyo Ry g0 Ts = Rz__é for
s =0,2;aswellas TioRypoT) = Rypand Tr o Ry g o To = R ¢. The initial configu-
ration of unconnected hyperspheres Aﬁ,r, - 1s invariant under these symmetries because
the displacement parameters satisfy (31). Since the neck regions are exactly determined
by the separation and displacement parameters (via the neck scale parameters) further
consequences are: Ty reflects each neck region parallel to its axis and then permutes it
with another neck region on the same geodesic; T reflects the neck regions on y; parallel
to their axis and permutes them amongst themselves and reflects the neck regions on y»
perpendicular to their axis and permutes them amongst themselves; and 7> reflects the
neck regions on y» parallel to their axis and permutes them amongst themselves and
reflects the neck regions on y; perpendicular to their axis and permutes them amongst
themselves. Hence [\a,,,g is invariant under g, 17, T>.
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3. Parallel rotational symmetry.
Let O € SO(n + 1) denote the rotation

(36)

#

which rotates y; into y,. Furthermore, Q o R g o ol = Ry g sothat Ag, , ; is invariant
under Q. Also, Q rotates each neck region on y; to a neck region on y,. Hence Aa,,,a

is invariant under Q.
3.4 The analytic set-up

For each sufficiently small choice of displacement parameter o, the approximate solution
]\a,,,(, has mean curvature almost equal to H, everywhere except in the neck regions. Each
of these hypersurfaces is thus a candidate for deformation into an exactly CMC hypersurface
using the methods of the previous section. However, it will turn out that because of the loss
of symmetry, only a specific choice of o leads to a candidate for which the deformation can
be carried out successfully, and identifying this o requires new techniques.

The analytic set-up for the present deformation problem, however, begins in the same way
as before. The approximate solution Aa,r,g will be deformed equivariantly with respect to
the symmetries Ty, 71, 7>, Q and Sglz for all B € SO (n — 2) by using normal deformations
generated by functions invariant under these symmetries.

Definition 18 Let X := {f : Agro —> R: foTl, = foSY2 = foQ = f Vs =
0,1,2and B € SO(n —2)}.

Next, let ¢ ¢ (y) := expy( f(y) - N(y)) denote the deformation of Aa,f,g obtained by taking

the exponential of the vector field f - N where N is the unit normal vector field of ]\a,r,a
and f is a function on Ay 7 5-

Definition 19 Let ®, ; , be the operator f — H 6 (Raro) ~ H,, with linearization at zero

LO(,T.O"

Finally, let Cé(‘ﬁ denote a weighted Holder space defined as in Sect. 2.6 except where the
weight function is modified to take into account the additional perturbed hyperspheres and
neck regions in f\a,n(,. The operator @, o : Cg’ﬂ (X)) —> Cg’f; (X) is a well-defined, non-
linear partial differential operator on A4 ;. , whose zero, if one can be found, corresponds to
a deformation of ]\o,,f,a to an exactly CMC hypersurface.

The Banach space inverse function theorem will once again be used to find a zero of @ ¢ »
in Cf’ﬁ (X) for the right choice of 0. However, it turns out that not all the approximate Jacobi
fields of ﬁa,,,g are excluded by the symmetries. To see which ones, proceed as follows. First
define smooth and monotone cut-off functions x ** for k # 0, N/2 as well as %9 and xN/2
on Ay 7, that are supported, respectively, in subsets of 5%, £2 and £N'? that will be made
precise later. Let x” be the 7-th coordinate function for = 1, ..., n. Define the following
functions on ]\a,r,g:
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~t e S,k t] . —k -1
s =X (x ‘Saypk»bk © R 2447 © RS-Uk)

Gy =x" (X’ 5, 50) (37)

~t . yN/2 t
I =X " (x |_§&'5N/2).

Then according to the discussion of Sect. 2.5, the vector space of all approximate Jacobi
fields in Cz’ﬁ(Aa,,,g) is K = spanR{éé’k : all s, t, k}. It remains to identify the subspace

of these functions which have the symmetries needed to belong to Cf’ﬂ (X). By using the
commutation relations between the various symmetries and the rotations Ry g, one finds the
following subspace.

Definition 20 The subspace of approximate Jacobi fields of L ;o in Cf’ﬁ (X) is the sub-
space of functions

2

& ~1 ~1 ~1 . N-2

Ksym = spang [Z q? kK~ 4ds,Nj2—k T s, N2k qs,N—k) ck=1,..., 4} :
s=1

Denote the functions spanning I%Sym by gx. Note that dim(l&xym) = (N —2)/4.

Essentially, each function gy is identical on the kth, (N /2 — k)th, (N /2 + k)th and (N — k)th
perturbed hyperspheres, and these functions pull back to the coordinate function x! restricted
t0 Su ey, by -

3.5 The new linear estimate

Because of the presence of the approximate Jacobi fields in Iﬁsym, the linearized operator
ENO,,T’J on Caz’ﬁ (X) no longer has an inverse whose norm is uniformly bounded with respect
to the singular parameter t. One way out of this difficulty is to project Ly, 1+ Onto a sub-
space of Cg'_ﬁz (X) which is transverse to the approximate co-kernel associated to Iasym, and

construct a bounded right inverse for the projected operator. Since £~a .o 1s self-adjoint, an
appropriate subspace to choose is the L?-orthogonal complement of ICW,,, denoted X Let
7 : X — Xt denote the L2 projection onto X1 and set [Zi‘, g =ToO Ea,u,

Proposition 21 Suppose first that the dimension of [\a,f,g isn > 3. Choose 6 € (n —2,0)
and sufficiently small separation and displacement parameters T and o. Then the linear-

ized operator Ea to c* ﬁ(X) — C (XJ-) possesses a bounded right inverse Ra .6

satisfying the estimate

R <C
| a,r,a(f)lcaz,ﬁ < |f|Cg,_ﬁ2

where C is a constant independent of T and o. If the dimension of ]\a,ng is n = 2 then one
can choose § € (—1,0) and find a right inverse satisfying the estimate

5 8
Razo(Hlczs = Ceolflcos

where C is a constant independent of T and o.
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Proof The proof of this result is mostly the same as the proofs of Proposition 12 and Propo-
sition 13, but with a few essential differences. The idea is to solve the equation Ea,r,a (n) =
w(f)in C;’ﬂ (X) using the patching technique to obtain u := ﬁa,,,g (f) and then to estimate
|M|C§,ﬁ in terms of |f|c§;‘32'

For any p € (¢, po) define the enlarged neck regions and exterior regions N *(p) and
Eg"‘(p) foreachs =1,2andk =1,...,N/2—-1,N/2+1,..., N — 1 in the same way
as before. Define also the cut-off function XZ;]Zk » and Xg;}f p corresponding to N *(p) and

& *(p), respectively, as well as the cut-off functions n® k and nf;;c]t( corresponding to /\/'g'k

neci
and & ** respectively. Finally, define enlarged regions SO (p) and & N/2 (p) and their corre-
sponding cut-off functions in an analogous manner (taking into account that £ and 5N/ 2

are perturbed hyperspheres with four points removed). Suppose now that n > 3. Choose
w(f) € Céz’ﬁ(XJ-) with § € (2 — n, 0) and decompose 7 (f) as

2 N/2—1 N-1
0 N/2 k N— k
7(f) =1, ext T ext/ z Z ( esxz eY + f neck
= k=1 k=0
where
= 0 . 5,k s,k
fext = Xext JT(f) and fevxtk = Xevx;{ . JT(f)
N/2 N/2 s s,
ext/ = Xext/ 7T(f) fneck Xneck ! H(f)

Remark Use X(f);f, x2, and Xg,/ % as the cut-off functions in Definition 20.

Observe that the following symmetries hold for these various functions. First, the invari-

ance with respect to Q and Tp, Ty, T» implies £0, = g/ % and

Lk _ (LN/2=k _ (LN/2+k _ ;A\ N—k _ 2.k _ 2.N/2—k _ 2,N/24+k _ 2, N—k
fEX[ — Jext — Jext - fext - fext — Jext — Jext - f@X[
Lk _  ,N/2—=k—1_ ,1,N/2+k _ A,N—k—=1_ 2.k _ 2,N/2—k—1 _ ,2,N/2+k _ 2, N—k—1
f neck — f neck — Jneck — Jneck - f neck — f neck — Jneck - f neck
1,(N=2)/4 . .
In addition, f, . is an even function. Next, choose k = 1,..., N/2 — 1 and con-

sider what effect the invariance with respect to 5012 for B € O(n — 1) and T5_; has on
these functions. The function f e Ck can be pulled back to a function on ng Write the pull
back function as fmk = neck(y y3, ..., y""") using a parametrlzatlon for Egk as a
cylindrically symmetric graph in R x R”. Then one can check that f k satisfies the sym-

metries
Jk 2 3 1 k 2 .3 1 k 2 .3 1
frfeck(y sB(y 7"'7yn+ )):f;zseck(_y >y ""’yn+):f}’f€6‘k(y Y ""’yn+) (38)

where B acts on (y3, ... y"*!) € R"~! in the obvious way. Similarly, the function fe‘;’tk can
be pulled back to a function on S, e1.by - Write the pull-back function as fesx’,k = ;X,k (m, ®)
using (4, ®) € (0,7) x st parametrization of S‘a,gk,b,{. Then one can check that fesx‘,k
satisfies the symmetries

faf e, S5(©) = £k (e, T(©)) = fif (1, ©) (39)
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where S is the transformation of S"~! C R” given by the matrix Sp := (') and T is the
transformation of §"~! given by the matrix T := ( -1 1) where [ isthe (n — 1) x (n — 1)
identity matrix. Finally, one can pull back £, and fg,/ ? to functions = fa(n, ©) on

~ 'Xi
Sh g Then one can check that these functions satisfy the symmetries

ot (=10, ©) = £, (0, T(©)) = £, (1, Sp(O)) = f (1, ©). (40)

This is because both symmetries 771 and 7> fix 8?(,0) and ESN/Z(p).
The first step in the patching technique is to find local solutions in the neck regions. That

. . , k. 2
is, one solves the equation %Eskz(uj”e]‘ck) = f;e’ifk in Cj ﬁm
2.8 ’

8,sym
of the Jacobi fields of L, 5 listed in (20) and thus %L'gkz is bijective with ¢ in this range).

The solution can then be extended to all of Aa,,,g as before and the extended function ”_‘f[ekck

(ex X) exactly as before (using

the fact that the symmetries (38) ensure that C (e X) for § € (2 — n, 0) contains none

satisfies the estimate |ﬁi;l(ck|cs2‘ﬁ < C|7T(f)|cé)./32.

The next step is to find local solutions on the exterior regions. Choose a small k¥ € (0, 1)
and define the functions

A5k 5.k 51 —s' k'
ext = Xext,kp (n(f) - z ‘Ca,r,o(uneck))

s’k
,\0 . O ~L — '/’k/
fext = Xext,kp (ﬂ(f) - z[’a,r,d(”t;;eck)) (41)
sk’
AN/2 _NJ2 AL s K
ext/ = Xext/,/(p (H(f) - zﬁa,r,o(uiec]{))'
s’k

One can view each of the functions (41) as C%# functions on S, and attempt to solve the

A

equation Ly (u},,) = f,*, . up to projection onto the approximate co-kernel.

Begin with frfefk The symmetries (39) imply that the only invariant Jacobi field of £, is
the coordinate function x!. Compute A% := s, fok xl/ Js, ar - x! so that (fe;,k)l =
f;sx,k - }»S'kék is orthogonal to x! where gk € I@sym is defined in Definition (20). The

. ~ 2s.ky L k- .
equation Lo (%) = ( fok )~ can now be solved for uSk in €28 (S,). Moreover, it is true

that
rs,k 1 _ rs,k 1 rs,k 1
/fext X = / fext CX / fext "X
Sa SaﬂTubzp(V) Sm\TubZP(V)
and
25,k 1 s,k 1 ~
ext “X = / ext * X = / fa=0
Sa\Tubz, (y) Sa\Tub2, (y) [\,1_14[,

using the fact that 7 (f) € C;);ﬁz (X1). Thus with the help of estimates similar to (25) one
deduces

|)\4S,k| < CK(K2 +82(3’1_3)/(3”_2))|7T(f)|co~ﬂ
§—2
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where C, depends on x and § but not ¢. The solution therefore satisfies the estimate
|u‘2;§|cz,,s( sy = Celm () b The remaining functions fgd and feﬁlt/ ? are easier. The sym-

metries (40) imply that there are no invariant Jacobi fields of £, to worry about. Hence
solutions of Ly (u},,) = fu, can be found without further ado. The same kind of estimate
holds for these solutions.

The extension of the various local solutions on the perturbed hyperspheres to all of f\a .6

is shghtly more involved than in the prev10us proof. Suppose that um k( p) = aik Ifcy kand

* satisfy the equations aik =cy k_ ey Kand ask 1 = cy ky ey ¥ then the leading term in

the asymptotic expansion of the function cg’k Jo+ c‘i’k Ji on the kth neck matches the leading
term of the Taylor expansion of uzx/; on the overlap with the kth perturbed hypersphere and

with the leading term of the Taylor expansion of u;’r]frl on the overlap with the (k + 1) per-

turbed hypersphere. This can be done fork =2,...,N/2—landk = N/2+2,...,N — 1.
By symmetry, the quantities uéx: (p_) WSV pH), uS NP (p) and wd N
equal, as are u%,(p¥) and ul m ( pE). Hence one can add the same multiples of Jo and J;
in the necks corresponding to k = 1, N/2, N/2 4+ 1 and N to match with the leading term
in the Taylor series of u?,, and ux{ * on the regions of overlap with these necks. Finally, one

arrives at the extended solution

. N/2 IV/2 k s,k ,k s,k
uext = nextuexr + Next Uext + Z Z n;xt Z’xt + Z Z nneck ‘]0 + Ci Jl)

s=1 k= s=1 k=1
k;ﬁN/Z

(p™) are all

The extended function u,,, satisfies the estimate |i,y| Cz,ﬂ <C |71( HI Co ﬁ .

The proof now concludes as follows. Set it 1= oy + ZY x i Then estimates similar

to those used before lead to the bounds

a0 (@) — ()l o < Clic?+ 2 VC=D) i (f)] o (42)
62 §—2

neck

and |u| 2 < Clz(f)] A for constants C independent of ¢. Since the factor in (42) that

is in front of |7 (f)| ot can be made as small as desired by choosing « and ¢ sufficiently

small, an exact solutlon of Eol” o () = f can be found by iteration. It satisfies the bound

Iulcw < C|7T(f)|co,ﬁ. This completes the proof in the case n > 3. The case n = 2 is
8 §—2
similar, except that the double indicial root of £ ; » must be dealt with by matching asymp-
totic expansions as in Proposition 13 and one ends up with the estimate |u|.2s < C &’
8

B - [}
7 (Nlcos
3.6 The solution of the non-linear problem up to finite-dimensional error

The new linear estimate derived in the previous section and non-linear estimates identical
to those of Sect. 2.8 can now be combined to solve the equation @, ; »(f) = O using the
Banach space inverse function theorem up to a finite-dimensional error term in the following
sense. Let 77 denote once again the L2-projection onto X .

Proposition 22 If t and ||o || are sufficiently small, then there exists fo o € C;’ﬂ (X) sat-
isfying m o @4 1.6 (fu,r,0) = 0 and there exists a constant C independent of T and o so
that

| fazolczn < C- Cp (5)e?=9Bn=3)/Gn-2)
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where Cr, = O(1) in dimension n > 3 and C;, = O(£°) in dimension n = 2. Therefore the
hypersurface obtained by deforming Ay, ;.o in the normal direction by an amount determined
by fu.r.c has CMC and is embedded if[\l“,a is.

Proof The linearization of w o @, 1 » at zerois D(;w 0 @, 7 »)(0) = EOJ;’ ..o and this operator
possesses a bounded right inverse by Proposition 21. The Banach space inverse function
theorem can thus be applied to the equation 7 o &, ; »(f) = 0 provided that the three
fundamental estimates (17), (18) and (19) described in Sect. 2.5 can be established. The
construction of the right inverse and its bound in Proposition 21 constitutes the first of these
estimates. The second and third estimates can be proved by very straightforward modifica-
tions of the analogous estimates for Main Theorem 1, namely, Proposition 14 and Proposition
15. The proof then follows as before. O

3.7 The balancing problem and the conclusion of the proof
3.7.1 The balancing map

Proposition 22 shows that the equation @, ; » (f) = 0 can be solved up to a finite dimensional
error term; i.e., a function fy ;» € C g’ﬁ (X ) can be found so that only the L2-projection of
®4.7,6 (fo.r,0) to the subspace I@sym fails to vanish identically as a function of o. It will now
be shown, however, that there is a special choice of o that yields a so-called balanced initial
configuration Afm, o for which ®, ¢ 5 (fo,r,0) vanishes completely. Therefore the solution
fa,7,0 for this choice of o yields the desired deformation of ]\ayf,a into an exactly CMC
hypersurface.

In order to derive the balancing condition that will be used to determine this special
value of o, one must understand in greater detail the relationship between o and the quantity
(id — 1) o @4 1,6 (fu.r,0) Where 7 is the Lz-projection onto X . To this end, introduce the
functions g : [\a,,,g — R which are obtained from the functions in Definition 20 by replac-
ing the cut-off functions X(f;(f by the cut-off functions 77255]; used in the proof of Proposition
21.

Definition 23 The balancing map of Ay ;o is the function By , : RN =2/4 5 RIV=2)/4
given by

By (0) = /Cba,r,a(fa,z,a)'éf,---, / cba,r,a(fa,r,a)'quN_z)/4 . (43)

Ao(.r,(f AOI,T,(I

where fy 10 € Caz’ﬂ (X1) is the solution found in Proposition 22. Note that the dimension
of the domain of By ; is accurate because of the conditions (31) that are assumed to be valid
foro.

In terms of the balancing map, what remains to be done in order to prove Main Theorem 2
is to find a value of o for which B, (o) = 0. This is because the identity f;\a . qj-q; =
8k + O(p") implies that (id — 77) 0 @y 7.0 (fur.0) = 0 as well. a

The ordinary inverse function theorem for smooth functions on Euclidean space will be
used to find this value of o in the following way. First, B, ; will be approximated by a
simpler function By i RN-D/4 _, RIN-2)/4 depending only on the geometry of A ;.o
(i.e., independent of f, ;) using the ideas behind the Korevaar et al. [17] and Kapouleas
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[12] balancing formula. There will be a fairly obvious choice of o for which 1%’(” (o) =0;
consequently, it will be true that B, (o) &~ O for this choice of o. Then by the inverse
function theorem, it will be possible to find a small perturbation of o for which By (o) = 0
exactly since it will turn out that the derivative DB, ; (o) will be invertible with large norm.

3.7.2 The proof of Main Theorem 2

The first task is to approximate the balancing map of Aa,r,g by an easily understood function
that is independent of fy r . Let & denote the scale parameter of the kth neck region of
AO(.T,(T .

Proposition 24 The balancing map of Ay . can be approximated as follows. Whenever t is
sufficiently small, There exists a function BO, o RW=D/4 o RIN=D/4 satisfying the estimate

[ Box (@)l c2 < Cp?lfa,r,alcgﬁ
for some constant C independent of ¢ so that

Bt (0) = Bu,t(0) + Bt (0)
where

-n—1

—-11 £
3 —11
By:(0)=w . . . (44)
uy gl
E(N=2)/4
Here w is another constant independent of ¢.

Proof Let [By ¢ (0)]k denote the kth component of the balancing map. By symmetry, it is
sufficient for the analysis of [By,;(c)]x to examine only the kth spherical region along the
geodesic y; and its two adjoining neck and transition regions, namely, the region

Sk=TM T uNIET Uk U T U AR
Next, let
Dy = Ry (g torsn)2© Ryl 0 K7 ({Br, $) 2 151 < &)

be the central cross-sectional n-sphere of ./\/El’k and let ¢ := 9 Dy, so that 88§ = ¢k U Crt1.
Let ¢, 7,6 denote the normal deformation of A, ¢, obtained from the solution fy . Using
symmetry and simple estimates, one finds

(B, (@) =2 / itk + (H@aro Rario)) = Ha) - (' 0 R ki, )
ba,r.0 (Aar.0)
=2 / (H@ur.0 () = Ha) - (%' © R g o140y ) + Ol fuo|c2)
a0 (S

since nex, is supported outside the neighbourhood Tub,,, (y1). Here, O (o} | fu,7,0| c ) denotes

a function bounded in C? norm by o2l fa,r0 B Now recall the Korevaar et al. identity
8
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given in Eq. 1 satisfied by the integral of the mean curvature of hypersurface against a Jacobi
field. That is, if v; denotes the outward unit normal vector field of ¢ parallel to N, El’k and V.
denotes the compatibly oriented unit normal vector field of Dy while Y} denotes the vector
field

d d
. 2k+1 0 1 —2k—1 _ p—1
Yy = (Rl,(ok+crk+1)/2 o Ra+z/2)* ° (x axl x ﬁ) OR, 7 © Rl,(ak+crk+1)/2’

then one finds

1
E[Ba,t(g)]k = / (v, Yi) — Hq / (Vie, Yi)
¢a.r,a(ck) ¢a,r.z7(Dk)

- / (Vk+1, Yi) — He / (Vie+1s Yk) +0(p§'|fa,r,a|C§,ﬂ)

¢a,r.a(ck+l) ¢a,r.a(Dk+l)
= /(Vk, Yi) — /(Vk+1» Yy) +0(Pg|fa,t,a|cé2~/3)- (45)
Ck Cht1

This is because the integrals over ¢, - (cx), can be replaced by integrals over ¢, and the

integrals over ¢4, o (Dy) can be dropped altogether at the expense of further error terms

whose size is strictly smaller than (’)(,og1 | fo.r.o |C2,ﬁ). Finally, the calculation of the integrals
8

J. . (Vx, Yk) in (45) can be carried out in the stereographic coordinate chart used to define
the neck regions, in which case Y; simply becomes the translation vector field perpendic-
ular to the axis of the neck. This calculation is very straightforward, and yields a quantity
proportional to the (n — 1)-dimensional area of ¢, thus proportional to é,’("l. O

Recall that &, depends on the separation between the hyperspheres through the procedure
culminating in formula (34). Thus one can see that there are universal functions £ : R — R
and C : R — R so that

&r(0) = E(C(t + 01 —00) + -+ C(t + 00 — on—1)) - C(T + Ok41 — 0k).

It is thus clear how to choose o so that éa,r vanishes: one chooses o = =O0N-1 = 0

which corresponds to an equal spacing of the hyperspheres making up Ay, z,o. By Proposi-

tion 24, one has By - (0) = O(p| fu,r.0 |C2,ﬁ). Note that when this choice of o is made, then
8

all the various quantities on the different constituents of [\a,t,O are equal and determined
uniquely by the choice of t through the scale parameter ¢ := &(7).
It remains to show that the derivative DBy ;(0) is invertible and is bounded below by a

quantity much larger than O(p}| fa, 7.0 | -2)- Since DBy - (0) = DBy, : (OHO (02| furz0 lc2),
8 8
it is sufficient to establish this fact for DB, . (0).
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Proposition 25 The derivative matrix of éa,t ato =0is

01
01

. 01
DBy, (0) = w(e)

01
1 0

where w(g) = O("~Y). This is an invertible linear transformation.

Proof The matrix appearing in Dl%o,,t (0) is easily found by applying the chain rule to éa,r
and the functions é,’(’*l = [sk(a)]"_1 ato = 0. O

The consequence of Proposition 25 is that the derivative DB, ; (0) is invertible and much
larger than By . (0). Consequently the inverse function theorem can be applied to find o near
zero for which B, (o) = 0. The proof of Main Theorem 2 is now complete. ]

4 Attaching Delaunay-like handles to Clifford tori
4.1 Introduction

The techniques that have been developed so far allow the analogue of one more ‘classical’
problem from the theory of CMC hypersurfaces in Euclidean space to be realized in "1,
That is, one can attempt to attach a number of Delaunay-like handles to a given CMC hyper-
surface and hope to perturb the resulting hypersurface to have CMC. It should be possible
to pose conditions, in very general terms, for when such a construction could be realized.
However it will be simplest to focus on one canonical example of the construction since
this is easier for the reader to visualize and it is in keeping with the spirit of this article.
Moreover, the generalization to more complicated settings will be readily believable once a
simple example is shown to work.

The case that will be considered here is the attachment of a truncated Delaunay-like hyper-
surface in S"*! to the generalized Clifford torus Tj'""? of type S"! x §"2 where n| +n, = n.
From what has been learned about the problem of gluing two Delaunay-like hypersurfaces
together, it is intuitively clear that one must find a geodesic y that makes contact orthogonally
with Tg'""*? in two places, and that hyperspheres of the same mean curvature as Ty' "> must be
positioned with equal spacing along y. The hyperspheres will then be in balanced position.
What is not clear is that this can be done with enough symmetry to rule out all the Jacobi
fields of T'"">. However, by analyzing these Jacobi fields carefully, it will be found that
it is indeed possible rule out these Jacobi fields and thereby realize the handle-attachment
procedure.

4.2 The approximate handle-attachment
4.2.1 The generalized Clifford torus in S*+!
The generalized Clifford tori of type S™' x §"2 with n| 4+ ny = n in $"*! are defined by

T, = {(xl,xz) e R R2H x| = cos(a)and ||x2| = sin(a)}
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wherea € (0, 7/2). Then Ty""? can be parametrized by (®!, ®%)— (cos(a)©', sin(x)©?)
where the map ®/ : "/ — R"/*! is an embedding of S"/ as the unit sphere in R"/*!. The
calculations of [6] give the relevant facts about the geometry of the Clifford tori. In particu-
lar, the mean curvature of T is HE'™' .= 5, cot(a) — nj tan(a) and the linearized mean

curvature operator is given by
Loy i= 08 2(a) (A1 +n1) + sin ™% (@) (A2 + n2)

where A and A are the Laplacians of S*! and S"2, respectively. One deduces that the Jacobi
fields of Ty!*"*? are the products of the coordinate functions—i.e., L, 1,.¢ (xi‘ xéz et m) =0
o

forallt; =0,...,n;.

4.2.2 Assembly of the approximate solution

To begin assembling the approximate solution for the handle-attachment process, choose a
canonical point p € Tg'""? defined by p := (cos(a) Py, sin(a) P,) where P; € R T is the
point P; := (1,0, ...,0). Forany 6 € [0, 2], define the rotation

cos(@#)|0 --- 0|—sin(#)[0 --- 0
0 0
I, : 0
0 0
Ro = | 5@ 00 cos@ [0 0 (46)
0 0
0 : Iy,
0 0
The normal vector of Ty'"*? at p is N, := — sin(a) P} + cos(a) P. Let ¥p be the normal

geodesic emanating from Tj,"*"? at the point p; then ¥p can be parametrized by t — R;(p)

for y,. Define the point p’ = (—cos(a)py, sin(a) p2). Then
vp VTG = {p, p', —p, —p'}

and these points occur at the parameter values t =0,t =7 — 2o, t =7 and t = 27w — 2a,
respectively.

Recall that the mean curvature of a hypersphere S; with parameter @ € (0, 7/2) is

Soh . — cot(a@). Therefore the hypersphere with the same mean curvature (up to sign)
as Ty has & := arccot |';l—2 cot(a) — 2 tan(e) |. Denote the common value of the mean
curvature simply by H,,. Since the length of the geodesic segment from p to —p’ is exactly
20, it is thus possible to position N rotated hyperspheres of parameter & along y,, from p to
—p’, where each hypersphere is separated from its two nearest neighbours by a distance t,
when 2Na& + (N + 1)t = 2« + 2mz for some integer m > 0. These spheres wind m times
around y,, before ending up a distance of exactly t from —p’.

Remark 1t is clear that for every fixed « € (0, w/2) and for every tp > O there is always
some value of t satisfying 0 < t < 79 and some integers N and m so that the equation
2N& + (N + 1)t = 2a + 2mz holds. It is not clear if this equation can be made to hold in
this way for fixed m as well (e.g., for m = 0 which would correspond to embedded configu-

rations). Since limg— /2 ﬁ = oo one can find N and «g so that Na(ag) = og. Then since
the derivative % is bounded away from zero, one can determine o := «(7) near o so that
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2Na(a(t)) + (N + 1)t = 2a(7) for all sufficiently small . Moreover, if |¢g — /2| > T
then one can arrange to have |« (t) — /2| > T /2. This ensures that the mean curvature of
the configuration, though large since « is near /2, never becomes unbounded.

These considerations lead to the definition of the initial configuration of hyperspheres
and Clifford torus that will be glued together below. For any 6 € [0, 2] first introduce the
matrix Qq € SO(n + 2) by

cos(a) —sin(a)|0 ---0[0---0
0 0
. : I 0
0 0
Qu = sin(e) cos(e) [0---0[0---0 @7
0 0
: : 0 I
0 0
where [ is the n; x n; identity matrix. The matrix Q, takes the point pg := (1,0,...,0) €
R"*+2 to the point p, the vector Ny := (0, 1,0,...,0) € R**? to the vector N, and the

11,12

subspace {0, 0} x R" to the tangent space of Ty at p. Note that Rg o Q¢ = Qptq-
The rotation Ry o O, takes the hypersphere S; to another hypersphere centred on the point
Rg(p) along the geodesic y,,. Let N, m, o, T and & satisfy 2N& + (N + 1)t = 2« + 2mn

and introduce displacement parameters oy, . . . , oy as before. Define the initial configuration
N—1
# . -1 —1 s
Aa,f,ff = |:U Ro'k °© Rk(2a+r)+a+r ° Qa(S&):| U Tgl . (48)
k=0

The mean curvature of each component of Afm’g is Hy.

The next step in the assembly of the approximate solution is the perturbation of each of the
components of Ai’,y - in order to improve their fit with the catenoidal necks that are needed
to glue everything together. By analogy with the procedure described in Sect. 3.2, each hy-
persphere Rk_(12a+r)+ot+r+ak 0 Q4 (S;) should be replaced by R/:(;a+t)+a+f+0k 0 Qu(Ss,6.5,)
where S‘&, &by 18 the perturbed hypersphere with scale parameter & and translation parameter
by. A similar perturbation must also be found for the Clifford torus T'"?. This is provided
by the construction used in Butscher and Pacard’s articles [5,6] where it was shown how
to perturb the Clifford torus in the normal direction using the singular solution of the equa-
tion Ly, n,.0(G) = 0 on To'""?\{p, —p'}. This perturbation is completely analogous to the
perturbation of the hyperspheres developed in this article, though it differs in such details
as the numerical values of the coefficients of its asymptotic expansions near p and —p’.
Denote the perturbed Clifford torus by 6‘3,‘8’"2. Then as before, one can find the parameters
&k, by and € along with neck scale and translation parameters &, and by, that ensure optimal
matching between these hypersurfaces and small catenoidal necks with the parameters &, by.
Moreover, these are all determined uniquely in terms of <.

Definition 26 Recall the terminology from Sects. 2.3 and 3.2.
e Define the neck regions

kE ._ p-1 -1 —1 5t
Ne™ o= R(Uk+0k—l)/2 ° R(k+%)(2a+r)+ot+t °©Quok (Eék,l?k n Cyl(p£/2)).
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Set V¥ := N&+UNK~. These necks are oriented so that V¥ T lies behind V¥~ along the

. . . 1 1
geodesic y and that the kth neckis centred on the point R, )/ZOR(k+%)(2a+r)+a+r (p).

e Define the transition regions

k.t . p—1 -1 —1(s=*
T5F =Ry o R(H%)(MTH&H 0Qg0K (Eak, 5N [Cyl(2p)\Cyl(pe/2)]).

Set Tk := Th+ U Tk,

e Define the exterior regions

Cliff ._ Fni.

ESN = CL.\[Bg,, () U By, (—p)]
ko -1 _ p-1 < + -

e = Ry 0 Ryaairyratr © Qu (Sa,ak,bk\[Bﬁg (p)UBs(p )])
The approximate solution corresponding to the configuration Aft’t’a can now be defined as
follows.
Definition 27 The approximate solution with parameters «, T and o is the hypersurface

N-—1
Rar = €S U [ U (gh, vzu Nk)} Uz UNN. (49)
k=0

4.3 Symmetries and Jacobi fields
4.3.1 Symmetries

The generalized Clifford tori are highly symmetric objects in S"*!, being invariant under the
diagonal O(n1 + 1) x O(ny + 1) in O(n + 2). Once the Delaunay-like handle is attached,
there is considerably less symmetry. The symmetries which preserve both the perturbed
generalized Clifford torus and the perturbed hyperspheres are as follows.

1. Rotational symmetries.
Define the transformation S%(i B, € O(n + 2) by choosing Bj € O(nj + 1) and then
setting

B 0
0
00 -
S = 0[0---0[1]0 0 (50)
0
: 0 B>
0 0

which is the transformation that preserves Tg'*"*? and the geodesic y as well as the per-

turbed Clifford torus. These transformations also preserve the perturbed hyperspheres
positioned along y and the necks between them because of the commutation relations

00 _ 00
SB],BZ o Ry = Ry OSB],BQ and

—1 00 —
Qot OSB],BQOQO‘_ Bl

B,
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which is a transformation that preserves the perturbed hypersphere S‘a, .-

2. Reflection symmetry.
One additional symmetry of [\a,t,a comes from the reflection that reverses the geodesic
¥p with respect to the point half-way between p and —p’, namely, the point Ry _(p).
This is the transformation 7 € O (n + 2) given by

0
Ly | 1] 0
0 0
T=1o0o=i0--0
0 0
: 0 : Iy,
0 0

This reflection preserves the Clifford torus and its perturbation since it is an element of
its symmetry group. If the displacement parameters satisfy oy = ony_x—1, then T also
preserves the perturbed hyperspheres and the necks because of the commutation relations
ToRgoT =R, and

which is a transformation that preserves the perturbed hypersphere Sa, .-

4.3.2 Jacobi fields

It remains to find all the Jacobi fields of Aa,,,g that are invariant under the transformations
Sg?. B, and T'. As in Sect. 3.4, one proceeds as follows. First define smooth and monotone
cut-off functions x; : ]\a,r,a — Rfork = 0,..., N — 1 supported in Ef and another
such function xcyf : Aa,f,a — R supported in g léﬁ . Consider S'&’E as a hypersurface
in "t € R"™*?2 endowed with coordinates (x°, x!, ..., x"*1) and define the following
functions:

qli = Xk - (xt|§&5 o Q;l o Rk(2a+r)+a+r o Ro-k) (Sla)

Also, in the standard coordinates (x1, x2) for R?1T1 x R+ that are in use at the moment,
define the functions

Gz = xcug - (%1152 em ) - (51b)

Then the vector space of all approximate Jacobi fields in f\a.f,g is the set of functions

K :=spang{g. : t = 1,...,n and all k}U{é’él’%:tl =1,...,njandr = 1,..., na}.

It is easy to see that the subspace of these functions which are invariant under the symmetries

S%?,Bz for all Bj € O(n; + 1) is spanned by {c},: call kj U {ég%ﬁ}. Under the further

@ Springer



Ann Glob Anal Geom (2009) 36:221-274 269

requirement of invariance with respect to 7', the function c}g?lﬂ is eliminated and one is left
with the following subspace.

Definition 28 The subspace of approximate Jacobi fields of Cg’ﬂ (Ag.r.0) invariant under
the group of symmetries generated by T and S?%(l), p, forall Bj € O(n; + 1) is the subspace
of functions

Kym = spang {G¢ — Gy_g_, : all k}. (52)
Note that the dimension of /Cyy,, is N.

4.4 The proof of Main Theorem 3

The proof of Main Theorem 3 is now in all respects identical to the proof of Main Theorem
2, for the following reasons. One can set up normal deformations of [\a,”, using functions
invariant under 7' and S%?’ B for all B; € O(n; + 1). Then the construction of the right
inverse of the linearized mean curvature operator and its estimate follow as in Proposition 21
because the nature of the Jacobi fields of ]\a,,,g is unchanged; namely, there is one invari-
ant Jacobi field on each perturbed hypersphere and none on the necks and on the perturbed
Clifford hypersphere by the nature of the symmetries and the choice of weighted function
space. This gives the linear estimate (17) needed to invoke the inverse function theorem. Then
the estimates of the mean curvature of the Delaunay-like hypersurfaces and the estimates of
the mean curvature of the generalized Clifford tori from [5,6] can be combined to yield the
first of the non-linear estimates (18) needed to invoke the inverse function theorem. Finally,
the second of the non-linear estimates holds as before. Hence when 7 is sufficiently small
the inverse function theorem can be applied and yields a deformation of 1~\a,u, to a CMC
hypersurface that is embedded if and only if Ay ;.. is embedded. O

5 Doubling Clifford tori—revisited
5.1 Introduction

The methods developed in this article allow one final example of a CMC hypersurface to be
constructed. It is the analogue of the Butscher and Pacard doubling construction for Clifford
tori, except for [5,6] Clifford tori of arbitrary mean curvature. That is, one can take two
Clifford tori with equal but opposite mean curvature of any magnitude, choose a collection
of symmetrically located gluing points on each, and place a sequence of hyperspheres of
the same mean curvature end-to-end along the geodesics connecting the gluing points on
one Clifford torus to those on the other. The entire configuration can then be glued together
by inserting catenoidal necks between the hyperspheres, and then perturbed to have exactly
CMC.

5.2 The approximate doubling construction

Let Ty'*"* be the generalized Clifford torus of type S"! x S with ny +ny = n and parameter
a € (0, 7/2)in S**!. This hypersurface has mean curvature Hf . np cot(a) —np tan(e).

Leta € (0, 7/2) be such that n, cot(w) —n tan(a) = —HQCW. Note that @ < a,, < & where
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a, = arctan(y/n2/ny) is such that HE™ = 0. Then the Clifford torus T3 has equal but
opposite mean curvature to Tg! "2,

Take a finite subgroup G € SO (n + 2), having order |G|, of the type considered in [5,6].
That is, suppose G is a subgroup of the diagonal O (n1+1) x O(ny2+1) in O (n+2) and con-
tains the element 7' := (77, T2) where T; € O(n; + 1) is the reflection symmetry across the
x1-axis defined by T} (x1, x2, ..., xnjH) = (x1, —x2,..., —an.H). Note that such a group
preserves both Tg' "2 and T;'""2. Enumerate the elements of the subgroup G by G := {w; =
Id, wy, ..., wG}and denote wy := (w,i, w,%) if needed, where w,ﬁ € O(nj+1). Now choose
the canonical point p € Tg'"""? defined by p := (cos(a) Py, sin(a) P,) where P; € R%*1 s
the point P; := (1,0, ...,0) and set p; := w;(P) forevery s = 1, ..., |G|. Similarly, let
p = (cos(@) Py, sin(@) P,) € T3 and set jy := w;(P) foreverys = 1, ..., |G|. Assume
that w; = Id so that p; = p and p; = p. Let M be the orbit of p under G and let M be
the orbit of p under G. Finally, let y; be the geodesic taking p; to p,. Note that y; is normal
to Tg'"? at py, normal to T;'""* at p, and can be parametrized by 1 —> wy o R;(p) where
R; € SO(n + 2) is the rotation introduced in (46).

The next task is to position hyperspheres between Tg'"? and T along each y;. Recall

that the mean curvature of a hypersphere S; with parameter& € (0, 77/2) is Hé‘jp "~ ncot (@).
Therefore the hypersphere with the same mean curvature (up to sign) as Tg'"*? is the one with

& = arccot |';l—2 cot(a) — ';—1‘ tan(a)|. Suppose now that the parameters «, & and & are such
that there are positive integers N and m and a small separation parameter 0 < 7 < 27 so
that 2N& + (N + 1)t = @ — a + 2mor. It is thus possible to position N rotated hyperspheres
of parameter & along each y; from pg to p;, where each hypersphere is separated from its
two nearest neighbours by a distance t. These spheres wind m times around y; before ending
up a distance of exactly t from p;.

Remark 1t is clear that for every fixed « € (0, w/2) and for every tp > O there is always
some value of t satisfying 0 < t < 79 and some integers N and m so that the equation
2N& + (N + 1)t = @ — @ + 2mm holds. It is not clear if this equation can be made to
hold in this way for fixed m as well (e.g., for m = 0 which would correspond to embedded
configurations). But if « is sufficiently close to 0 and thus « is sufficiently close to 7 /2
then as before there is a sequence of examples having increasingly smaller t satisfying the
condition with m = 0.

These considerations lead to the definition of the initial configuration of hyperspheres
and Clifford tori that will be glued together below. Recall the rotation Q, € SO(n + 2)
introduced in (47) which takes the point pg := (1,0,...,0) € R"t2 to the point p, the
vector Ng := (0,1,0,...0) € R"*2 to the vector N, and the subspace {0, 0} x R" to the
tangent space of Tg'""? at p. Let o1, ..., oy be small displacement parameters and define

the initial configuration

|Gl N

# s
Aa,r,o = Tgl,ﬂz U U U Wy © R(2k—1)&+kt+dk 0 Qu(Sz) | U Tgl ", (53)
s=1k=1

Note that there is redundancy in the labelling of the spheres in (53) corresponding to the sub-
group of G fixing the point p. When wj fixes p then w; = S%?,Bz forsome B; € O(nj+1)as
defined in (50) Thus Wy O R(Zk—l)&+kr+(rk o Qa (S&) = R(Zk—l)&+kt+dk o Qa o R(S&) where
R is a transformation preserving both the sphere S; and the {x", x!}-equator. Consequently,

the entire initial configuration Afl .o 18 also invariant under G.
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To glue the initial configuration together, one proceeds as follows. By analogy with the
procedure described in Sect. 4.2, one first replaces each hypersphere w; o Rook—1)a+kr+o; ©
04 (Sg) with wg 0 Rok—Da+kr+o;, © Qu (S&,sk,bk) where S'&,Sk,bk is the perturbed hypersphere
of Sect. 3.2 and the parameters ¢, by are the usual scale and translation parameters. Then
one replaces the Clifford tori Tg'""? and ']I‘g""2 with the perturbed hypersurfaces used in
Butscher and Pacard’s articles [5,6]. Denote these Cyy;"* and ég}énz corresponding to Tg'*"*?
and T2, respectively. Then as before, one can find the parameters ¢, by and ¢ along with
neck scale and translation parameters £ and by, that ensure optimal matching between these
hypersurfaces and small catenoidal necks with the parameters &, br. Moreover, these are
uniquely determined in terms of 7.

Definition 29 Recall the terminology from Sects. 2.3, 3.2 and 4.2.

e Define the neck regions
NEEE = w5 0 Rokgs et 12y e+ rrosn)/2 © Qat © K*l(f:;l;k N Cyl(pe/2)).

Set N#K := NSk U A5k~ These necks are oriented so that N5+ lies ahead of NS5~
along the geodesic y; and that the kth neck is centred on the point w; o

Rorgt(k+1/2)t+(0prors )2 (P)-
e Define the transition regions

5% 1= w5 0 Roga (i1 2)e-+ox+0ps02 © Qar © K71 (E;ﬁk N [Cyl2p)\Cyl(pe/2)]).

Set r];‘sk — IZ;sk,+ U 'T;k’7.
e Define the exterior regions

ESN = CL\[Bp,, () U By, (—p)]

li =
M= Cp[ B, (p) U B, ()]

o€ o,E0
Sg’; i= 05 0 Rox_1yathrtor © Qo (Swertn \[Bs. (pT) U B (p7)])-

#

o,T,0

The approximate solution corresponding to the configuration A can now be defined as

follows.
Definition 30 The approximate solution with parameters «, T and o is the hypersurface

IGl N
Aoro =T U [T uNTU | U U (53]} u Tk uNg") ued™ (54

a,e
s=1k=1

5.3 Symmetries and Jacobi fields

#

w.7.0 18 G-invariant and it is clear that the gluing procedure lead-

The initial configuration A

ing up to the definition of the approximate solution ]\a,r,a can also be done in a G-invariant
manner. It remains to see which of the Jacobi fields of Ay ¢ » are G-invariant. As before, one

proceeds as follows. First define a smooth and monotone cut-off function xs : Ag,r.c — R

supported in ggk and two other such functions xq, ciif : Aa,,,(, — R supported in 85 lé and
Cliff

g U

Xa,cliff - f\a,r,g — R supported in &; ;" . Without loss of generality, the functions xq,ciif
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and yg,ciff are G-invariant while xsx o ws o w,‘l = xi holds foralls,t =1, ..., |G|. Con-
sider S; . as a hypersurface in S"+! C R"*2 endowed with coordinates (x%, x!, ..., x"*1)
and define the following functions.

S -1 _ p—l1 -1
Gl = sk (¥']5, 0 02" 0 RGl 1skesoy 005) (55a)

Also, in the standard coordinates (x1, x2) for R?1T1 x R+ that are in use at the moment,
define the functions

St . I,
Ay clifr *= X Cliff = \ X1 X2

~t.l n.n
dg.cligp -= Xa,Cliff * \*1 X2

~ny.np )
Cae (55b)
C‘v’jlpv"2) .

Then the vector space of all approximate Jacobi fields in C># ([\a,,,g) is the set of functions

|Gl N
K = spang | J | J(@h:t=1.....n}
s=1k=1
U Ay i dacig 11 =1, omand o = 1, na).

At this point, impose the condition on the group G used in Butscher and Pacard’s doubling
construction [5,6] that there is no linear combination of the c}(;'ézhff and cjot-t'ghﬁ that is invariant
under every element of G. This eliminates the Jacobi fields on the perturbed Clifford tori from
consideration when only equivariant perturbations are allowed. Furthermore, invariance with
respect to G implies first of all that the Jacobi fields on the kth perturbed hypersphere along
every geodesic are the same. Then invariance with respect to the reflection 7 € G implies
that the only invariant Jacobi fields of ]\a,r,g are to be found in the following subspace.

Definition 31 The subspace of approximate Jacobi fields of Ay ¢, invariant under G is the
subspace of functions

|G|
I@sym = spanp Zc}slk:kzl,...,N . (56)

s=1

Note that the dimension of KCyyy, is N.

5.4 The proof of Main Theorem 4

The proof of Main Theorem 4 is now in all respects identical to the proof of Main Theorem
3, for the following reasons. One can set up normal deformations of A4 ., using functions
invariant under G. Then the construction of the right inverse of the linearized mean curva-
ture operator and its estimate follow as in Proposition 21 and the analogous constructions
performed in Butscher and Pacard’s articles [5,6] because the nature of the Jacobi fields of
[\(m,g is unchanged; namely, there is one invariant Jacobi field on each perturbed hyper-
sphere and none on the necks and on the perturbed Clifford hyperspheres by the nature of the
symmetries and the choice of weighted function space. This gives the linear estimate (17)
needed to invoke the inverse function theorem. Then the estimates of the mean curvature of
the Delaunay-like hypersurfaces and the estimates of the mean curvature of the generalized
Clifford tori from [5,6] can again be combined to yield the first of the non-linear estimates
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(18) needed to invoke the inverse function theorem. Finally, the second of the non-linear
estimates holds as before. Hence when 7 is sufficiently small the inverse function theorem
can be applied and yields a deformation of [\a,r,a to a CMC hypersurface that is embedded
if and only if Ay ;o is embedded. u]
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