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differential equations. In the offline phase, the method constructs, through a component-wise
empirical training, a library of archetype components defined by a component-wise reduced
basis and hyperreduced quadrature rules with varying hyperreduction fidelities. In the online
phase, the method applies an online adaptive scheme informed by the Brezzi-Rappaz—Raviart
theorem to select an appropriate hyperreduction fidelity for each component to meet the user-
prescribed error tolerance at the system level. The method accommodates the rapid construction
of hyperreduced models for large-scale component-based nonlinear systems and enables model
reduction of problems with many continuous and topology-varying parameters. The efficacy of
the method is demonstrated on a two-dimensional nonlinear thermal fin system that comprises
up to 225 components and 68 independent parameters.

1. Introduction

Many-query problems, which necessitate repeatedly solving parameterized partial differential equations (PDEs), arise commonly
in various fields of computational science such as design optimization, uncertainty quantification, and control. For problems where
the solution manifold is well approximated in a low-dimensional linear space, the reduced basis (RB) methods provide an effective
approach to rapidly and reliably approximate the PDE solution for many different parameter values [1-4]. RB methods achieve
efficiency by separating the computation into offline (training) and online (deployment) phases. The former typically involves
solutions of the high-fidelity problem (e.g., using finite element (FE) methods) for many training parameter values to generate
solution snapshots, the construction of an RB for the solution space, and, for nonlinear PDEs, hyperreduction [1,3,5]. Consequently,
the offline phase is computationally demanding. Nonetheless, this initial high computational cost is warranted by the significant
computational savings realized in the subsequent online phase, where the reduced problem is solved numerous times in the intended
many-query application.

Despite their effectiveness, the applicability of standard (i.e., monodomain or single-domain) parametric RB methods is limited
to the particular problem with continuous parametric variations for which the training is performed. For instance, even a slight
topological change in the domain can render the trained reduced model inapplicable. In principle, a separate reduced model could
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be trained for each topological configuration; however, in practice, such retraining, at best, diminishes the utility of the reduced
model and, at worst, is computationally intractable, especially for large-scale engineering systems that can take on many different
topological configurations. Even when only parametric (and no topological) variations are considered, the standard RB methods can
be restricted to problems with a small number of parameters due to the high training cost of exploring a high-dimensional space.

To mitigate the aforementioned challenges, a variant of RB methods, called component-based or multidomain RB methods, have
been developed [6-8]. The methods exploit the fact that many engineering structures—such as heat-exchangers, lattice structures,
mechanical multi-component assemblies—consist of a large number of identical or similar components. The key ingredient of
component-based RB methods is component-based training during the offline phase, whereby a library of interoperable archetype
components and their associated local RB is developed. Then, given a particular topological configuration in the online phase, copies
of the archetype components in the library are instantiated, and a global RB model for the whole system is formed by connecting
the preconstructed local reduced models through their respective ports.

Hitherto, several different variants of component-based RB methods have been developed. The reduced basis element (RBE)
method [8-10] combines the ideas of domain-decomposition and RB methods. The method uses Lagrange multipliers to couple
local, subdomain-wise reduced models in the online phase to form a global reduced model. The static condensation RBE (SCRBE)
method [11,12] builds on the component mode synthesis [6,7] and the RB methods. The method decomposes the degrees of freedom
(DoF) in each component into port and bubble (interior) DoF. It then uses static condensation [13] to form a Schur complement
system with only port DoF, and applies RB approximation in each component to reduce the computational cost of static condensation
and to account for parametric variations. The port-reduced SCRBE method [14-16] uses port-reduction techniques to further reduce
the size of the Schur complement system and hence the computational cost. This is achieved by approximating the solution on global
ports through the application of RB methods to port modes. SCRBE methods bear a close resemblance to multiscale RB methods [17-
22], which are applicable to structures composed of smaller-scale components with less heterogeneity relative to those in structures
targeted for the SCRBE method.

Component-based RB methods have been initially developed for linear or polynomial nonlinear problems with affine parameter
dependence, which facilitate offline—online computational decomposition (without hyperreduction). Recently, these methods have
been extended to general nonlinear and nonaffine problems. Methods for nonlinear problems can be broadly categorized into two
groups based on the locality of nonlinearity. The first class of methods are designed for problems where the nonlinearity can be
localized to small regions. Beiges et al. [23] decompose the physical domain and use a hybrid full-order/reduced-order model
approach in the online phase to handle parameter configurations absent in the offline phase. Similarly, Ballani et al. [24] decompose
the physical domain into linear and nonlinear regions and apply the SCRBE method in the former part and high-fidelity model in
the latter. Zhang et al. [25] apply the same decomposition idea, but use Gaussian processes regression in nonlinear regions to
construct a surrogate model. By construction, this class of methods is specialized for localizable nonlinearities and cannot treat
globally nonlinear systems.

The second class of methods is designed for problems that exhibit nonlinearity everywhere in the domain. Hoang et al. [26]
develop a domain-decomposition least-squares Petrov—Galerkin (DD-LSPG) method. This method constructs a separate reduced space
for each subdomain and enforces interface continuity between the subdomains using a set of compatibility constraints in the LSPG
method. Iollo et al. [27] develop a component-based model reduction formulation for parameterized nonlinear elliptic PDEs that uses
overlapping subdomains and an optimization-based reformulation. Smetana and Taddei [28] develop a multidomain RB method that
uses the partition-of-unity concept and apply it to a two-dimensional nonlinear diffusion problem. Diaz et al. [29] integrate nonlinear
approximation spaces, created through autoencoders, with domain-decomposition to facilitate reduced-order modeling of problems
with slowly decaying Kolmogorov n-width. These methods for globally nonlinear problems, however, do not yet match the versatility
and reliability offered by component-based RB methods for linear problems. First, the majority of these works consider multidomain
systems that result from a decomposition of the global system into partitions, and not interchangeable physical components in the
sense of those in component-based RB methods for linear problems. Second, they do not provide a mechanism for quantitatively
controlling the hyperreduction error at the system level during the online phase.

In this work, we propose a model reduction method that (i) can treat global nonlinearities, (ii) incorporates online-interchangeable
physical components to provide topological and parametric online flexibility, and (iii) provides quantitative control of hyperreduc-
tion error. The contributions of the present work are fivefold:

1. We develop a hyperreduced RBE (HRBE) method, which (i) uses a library of archetype components to provide online
topological and parametric flexibility of component-based RB methods and (ii) can handle general parameterized nonlinear
PDE:s that exhibit global nonlinearities.

2. We extend the empirical quadrature procedure (EQP) [30,31] to component-wise offline training to enable a systematic
construction of a library of hyperreduced components, each of which meets the specified residual and Jacobian tolerance.

3. We appeal to the Brezzi-Rappaz-Raviart (BRR) theorem [32] to develop an actionable solution error estimate for component-
based nonlinear systems, which relates component-wise residuals and Jacobians due to hyperreduction to system-level
solution error.

4. We develop an adaptive procedure, informed by the BRR error estimate, to construct a hyperreduced system from a library
of hyperreduced components, such that the hyperreduction error in the online-assembled system meets the user-prescribed
error tolerance in a solution norm for any topological and parametric configuration.

5. We demonstrate the efficacy of the proposed HRBE method using a nonlinear thermal fin system that comprises up to 225
instantiated components and 68 independent parameters.
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Fig. 1. (a) Top: an archetype component with two local ports and f), = {1,2}, Bottom: an archetype component with three local ports and TA)2 ={1,2,3}; (b) A

system with N port = 5 global ports. In this system, M (1) = T, MQ)= ,2\, M@3)= T, and P = {1,...,5}. Also, 2, = Ql(ﬁM<1);yl),
Q, = gz(-QM(z,;Mz), Q; = 93(91‘4(3)1#3), I, = g1(?}\4(1),1§l‘1): r, = gl(?M(l).z;”l) = gz(?M(g).zlﬂz), r; = gz(?M(z)g;ﬂz): r, = gz(?M(z)J;Mz) = 93(’};/‘4(3).11#3), and

Is= g}(?M(})Azé H3)-

comp = 3 instantiated components and N,

The remainder of the paper is organized as follows. Section 2 presents the general form of the model problem considered in this
study. Section 3 introduces the HRBE method, providing the bubble-port decomposition, RB approximation, and hyperreduced RB
approximation. Section 4 introduces the component-based training procedure designed for RB construction and hyperreduction of
the archetype components in the library. Section 5 describes the computational procedures of offline and online phases. Section 6
presents numerical results that validate and demonstrate the efficacy of the HRBE method. Finally, we conclude with a summary
of the work and potential considerations for future work.

2. Parameterized nonlinear PDE model problem

As a prelude to developing our HRBE method, in this section, we introduce the general form of the considered parameterized
nonlinear PDEs. We present both the physical and reference domain formulations, the latter of which is crucial to treat parameterized
geometries using the HRBE method.

2.1. Exact problem formulation

We first introduce geometric and topological entities associated with archetype components. We define C as a library of N, arch
parameterized archetype components. For each archetype component ¢ € C, we introduce QA c R4, DA c R", and i, € DA as,
respectively, its bounded d-dimensional reference spatial domain, bounded n;-dimensional parameter domain, and n;-dimensional
parameter tuple specifying its reference parameter values. Each archetype component ¢ has ng disjoint local ports whose domains
are 75 C 0.QA peP=({1,.. ,n;}, where 0!2} is the boundary of !33. We assume the boundary of all components are Lipschitz
continuous and all ports of an archetype component are mutually separated by a boundary surface. Fig. 1(a) shows these definitions
for two archetype components.

We next introduce geometric and topological entities associated with an assembled system. We define C as a set of Nop,
instantiated components composing a system. Each instantiated component is generated from an archetype component in the library
through a (parameterized) geometric mapping. The components in the system are connected together through their local ports,
thereby creating N, global ports. The geometric mappings must guarantee compatibility of the ports. We assume a global port can
be shared by at most two instantiated components. A local port residing on the system boundary also forms a global port, where
the essential boundary conditions at the system level are imposed. We introduce £, ¢ R? as the physical domain of the instantiated
component ¢ € C, and I'), p € P = {1,..., Ny}, as the physical domain of the p-th global port in the system. We introduce, for each
instantiated component ¢, the parameter tuple y, € D, = D M(c)» Where M : C — Cisa map from the instantiated components to their
corresponding archetype components. The parameterlzed geometric mappings relating the archetype and instantiated component
domains are G, QM(C) X D, —» £, such that Q, = G, (QM(C) u.). The physical domain of the p-th local port of ¢ € C is given by
Yep = Ge@p(e) ps He) VP € Pay()- The mapping G,.(; u.) depends only on the geometric parameters in y,. Fig. 1(b) shows an example
of a three-component system.

We now define function spaces associated with archetype and instantiated components. For the archetype component ¢ € c,
we introduce a Hilbert space ]75 C H 1(.(/2\5) endowed with an inner product (~,~)‘3? and the associated induced norm || -

lls,
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+/C> )., which is equivalent to the H '(fz})-norm. For ¢ € C, we introduce the geometric-parameter-dependent mapped space

V. = {v = 0oG (- p,)

We now present a domain-decomposed formulation of the system-level model problem in terms of its components. We introduce
the system’s physical domain 2 such that @ = UEEC'Q We also define I';y and I'y, respectively, as the nonempty Dirichlet and
Neumann boundaries of Q such that 92 = T ,uT y and I'yn Ty = @. The Dirichlet boundary is composed of nonshared local ports of
the instantiated components in the system. To simplify the presentation, we assume homogeneous boundary conditions everywhere.
We further introduce the system parameter domain D = @..D, and parameter tuple y = (uy,..., HN o) € D- Additionally, for
each instantiated component ¢ € C, we introduce the physical-domain residual R, : V, XV, xD, - R as

e ﬁM(E)} and the associated inner product (., I, and induced norm | - lly, = 4/C. )y,

R.(w,v;p) = / r.(w,v;x, u) dx Yw,ve V., VueD,,
Q

c

where r, : YV, xV,xQ,XD, - R is the physical-domain integrand, which is linear in its second argument but is in general nonlinear
in its first argument. The exact nonlinear model problem in its weak form is as follows: given y = (u.).cc € D, find u(u) € V such
that

R(u(p), v; u) = Z R, (u(ﬂ)(g ,v(g ;/4£> =0 VYveY, €8]

ceC

where V = {v €H l(Q)|u| rp = 0(}. Problems that involve boundary integrals due to nonhomogeneous boundary conditions can be
readily treated with minor modifications. We assume the problem is well-posed for all 4 € D. Given the solution field u(u) € V, we
evaluate a scalar output (i.e., quantity of interest) F(u(u); u) € R at the system level, where

Fwip)= Y F, (w(!2 iu)  YweEW,YueD;
ceC

here, F, : ¥, x D, — R is the physical-domain output functional for the instantiated component ¢ € C given by
F.(w;p) = / Je(w;x, u) dx YweV, VueD,,
QL‘

where f, : V., x 2, x D, — R is the physical-domain integrand.

To handle parameterized geometries using the HRBE method presented in the next section, we need to formulate the system-level
residual and output forms in the reference domain of the components. As such for each archetype component ¢ € C, we introduce
reference-domain residual RA VA X VA DA — R and output functional FA VA DA — R given by

ﬁg(w, vy p) = / Fo(w, v; X, p) dX Yw,v € 1’7\5, Vu e ﬁg,
0

c
EWHO=/;ﬁWﬁmNﬁ Vw € Vs, Vu € Ds,
2
where 7; : 135 X 133 x Qp % ﬁg —Rand f;: 1/55 x Qp x 135 — R are the reference-domain integrands that satisfy

TG s i)

Fo(W, 03X, 1) = Pay(ey (oG, (5 1), v9G, (5 1e): G (3 i), i)

B

TG e )|

Fowix, 1) = FrpowoG, (s 1) G (xs ), i)

forallc e C,w,v eV, x € Q,, and u, € D,; here, J,(-; u.) is the Jacobian of G (-; u,), and ‘.]c(ﬁ Mc)’ is its determinant. We can now
express the system-level residual and output forms in terms of the archetype component reference-domain forms as

R(w, v 1) = Y Ry <W‘Q oG (5 1), U| oG (5 He); Mc)’

ceC
F(w; p) = mewbw<mma
ceC

for any w,v € V and y € D.
2.2. Truth problem formulation

As is often the case, the exact problem (1) cannot be solved analytically. Instead, we appeal to the truth problem associated with
a FE method to approximate the solution. This solution is taken as the computable ground truth. We present the truth problem
formulation in terms of bubble and port functions to facilitate the development of the HRBE method described in Section 3.

2.2.1. Bubble—port decomposition of functions

We first define approximation spaces associated with archetype components. For each archetype component ¢ € C, we introduce
an N;-dimensional truth FE space Vh c=EJUVE VA vl € P'(x) Vk € Thj C ]A?‘A., where 7}, ; is a tessellation of _(/2}. formed by a set of
nonoverlapping, conforming elements {x}, and P"(x) is the space of degree-n polynomials over each element x. We also introduce
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=0, Vpe Pg} as the NV, cl’-dimensional bubble FE space of the archetype component ¢. We additionally

Bre= {ve o]
’ c,
introduce Af 3 dimensignal port FE space 5(\‘?’ of the p-th port of the archetype component ¢ as the restriction of 9,1,3 to the port

domain 7,5; i.e., X 2= v,”|w, p e P We note that Ny = N2 + Xsep. N,
We now deflne ba51s functions for the ports of each archetype component ¢ e C. We introduce for the p-th local port of &

NP
eigenpairs (r” € X” > /L” €R),_{ such that

/ vl . V§ds= AP
Pos Ci e

c.p

o S e PP
T yds Vye th,

)

7
c,i

2G5

P Y
We note that Xz , = span{?gi },.; - We then elliptically lift these basis functions to the interior of ¢ to find { . € Vh ot Ve by solving

~D . s b
/: Vi, - Vuds =0 voevy .
AP _ D
Wy =%, on Vo
P2 =0 ony; Vp'#Pp.

NP
We define v’ as the .A/' ’-dimensional FE space spanned by {{Wa-}, { Ypep,» Where J\f =Y. peps J\/ P

We now present the bubble—port decomposition of functions defined on each 1nstant1ated component ¢ € C. We introduce the
geometric-parameter-dependent mapped full-component, bubble, port(-trace), and port-lifted FE spaces:

Vye = {u =006 (5 1)

ve V,,,M(C)} cy,

b _— ~ A=l ~ 5b
v, = {v = oG (s )| D e vh,M@} CVpes
— ~ A=l ~ )
Xz,c = {v =00G ()| D E XZ’M(C)} Yp € Prrieys
N’l\”l()
/N (PN P _ P b —1. c

Subsequently, any v, . € V,, . can be decomposed as

Vpe = v',’m_ + U)o 2
b b y yoels .
where v € Vi is the bubble part of v, and v} € V), is its port part given by
P
NM(c)
P p
z Uh,c - z Z vh,c,ivjc,i’
pEPM(C> pEPM(C) i=1

}NM(C)
citi=

in which {v} are the generalized coordinates of v, he € v” = span{ ’i - }NM“) Ye € C and Yp € Py (Throughout this work,
we denote the generalized coordinates of any function y in an N- dlmenswnall linear space Y with a basis {®; } , by a boldface
letter y such that y = [y,,...,yy]" satisfies y = Zi:] Y, ®;.)

At the system level, we assume conformity of the local ports connected together. Thus, for the p-th global port, p € P, shared

by I-th port of ¢ € C and /’-th port of ¢’ € C, we have I, =y.; =y, X, = X}’Z X;l/c,, NF = N/Imc) = N/Im ’y and Vh“ = ’h/c,,,
i=1,...,NT.
p

2.2.2. Truth problem statement

We now formulate the truth problem in terms of bubble and port functions. As such, we introduce system’s N’ }!’-dimensional
bubble, N/ I'_dimensional port(-lifted), and j\/ h dimensional FE spaces, respectively, given by VE = OV, b [ = @cecv; and
V= (VE@®V]) NV, where NP = 3 .- N}, o N =X pep N, and N}, = N + N[, Note that the mtersectlon with V enforces
essential boundary conditions. We further define (Xc g0 02 2y Ve e C as the truth quadrature rule in the reference domain 9 of
each archetype component ¢ € C. We may now state the truth problem: given y = (u.).ec € D, find {uh.c(ﬂ) S hrc}L’EC and

{{u;c(y) € v;jyc}pepw }eec such that, for all {u‘;w € v};‘c }eec and {{u;;‘c € v;jyc}pepw) Yeees

QM)
Ry (1), 0 ) = D Y Prroramro ( [ RIEEDY hc(m]og R pt(e).q5 Ho)s

ceC g=1 PEP M () (3)

b P S RPN _
[Uh,c+ Z Uh,c]OQC(XM(CM’”E)’xM<c),q’”c >—O’

PEPM (o)
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where the system-level solution u, (1) € V), is given by u;,(u) = Y.< [“2 )+ ZpEPM((,) “Z C(/4)]. Similarly to the exact problem in (1),
we assume (3) is well-posed for all 4 € D. We then evaluate the truth output

Ome)
IATROINEDY Z Pmeng fM<c>([”hc(/4)+ > p,c(/‘)]°gc(§M<c>,q?”c)?fM@),q’/‘c)' “)
ceC g¢=1 PEPM(c)

) (+1) _

In practice, (3) is solved using Newton’s method. Given the n-th Newton iterate u("
- 5u§l”), where ﬁu;") €V, is the Newton update that satisfies

the n + l-st iterate is given by u,
RO
h

R} (u, (m 514(") Ops 1) = Rh(u;"),vh;u) Yu, €V, 5)
where R’ (u(") 6u(") vy, ) is the Gateaux derivative of Ry(-,v,; u) at u;") in the direction of 5u§:’)
th,zh,uh eV, and VueD,

. We may appeal to (3) to obtain,

QM)
R}, (wy,, zp, U3 ) = Z Z PMa® M(c) ([th whc] G (s e),
ceC ¢=1 PEPM(C)
b P .
[zh,c + Z Zh,c] 0G, (-3 He)s
pETJM(C)
b P . s
[Uh,c + Z Uh,c]OQC(" Ilc)’xM(c)ﬂqallC )a
PEPM(c)

where 7(w,, 2y, Uy Ko g0 ), € € C, is the Gateaux derivative of 7x(-, Uy Xzg» He) at wy, in the direction of z.
3. Hyperreduced reduced basis element method

In this section, we present our HRBE method, which uses component-wise RB and hyperreduction (i) to provide an accurate
approximation of the truth problem (3) at a substantially reduced computational cost and (ii) to provide topological and parametric
flexibility to assemble an arbitrary system in the online phase.

3.1. RB problem formulation

We now introduce an RB approximation of the truth problem (3). We first construct an RB space for the bubble space of each
component. To this end, we assume that, for each ¢ € C, the bubble solution uzc(y) associated with (3) for any 4 € D can be

well-approximated in an N ) < NP M -dimensional linear space. We then introduce, for each archetype component ¢ € C, an Nlj—

NP
dimensional space Vfb - C VZ . spanned by an RB {%i },1- (We defer the discussion of the computational procedure to construct RBs to

Section 4; for now, we assume RBs are given.) We further define the N -dimensional space 13 = Vrbb 2691?7 ., Where N; = N2 b +./\/ !
. . . b — — b
Analogously, for each instantiated component ¢ € C, we introduce RB spaces vrb’c =Jv= uogc (su)|De Vrb M (C)} C Vh’c and
— pb ¥ _ b v b b v
Vive =V ® V0 SO that we can express any vy, . € Vyp, . @S Uy = Ve T Vper where Ube € Vipe and v; € thc.

We next define the system-level (global) RB space. We first introduce the bubble space for the system as the direct sum of
component RB spaces: i.e., V = eacecv . We then augment the space with the global port basis and enforce essential boundary
conditions to obtain 1/7\,,3 = (Vb eV )n V. The dimensions of VE and V,, are Nt =Y - N®, (© and Ny = N + N, respectively.
Since N7 b < J\f b ve e C, we have N,;, < Nj,. We then appeal to Galerkin projection to obtain the RB problem: given u = (4,).cc € D,
find {uP ) c m}cec and {{u (e vhc}pepM( Jeec such that, for all {v';b,c € V,"b,c}cec and {{uf;vc € vﬁvc}pepw Yeees

Om(e)
. A~ N b o .
Ry (up (1), s ) = Z Z PM(c).g "M(c) <[urb,c(”) + Z MZ’C(M)] OQC(XM(C),,I, He)s

ceC g=1 PEPM (o) (6)
b - NP
[Urb,c + X ”Z,c]°gc("M<c>,q’ He)i XM (e).qr He >= 0,
pET)Mu)
where the system-level solution uy,(4) € V, is given by u,(u) = X ¢ [ ’r’bc(y) ZPGPM(C) hL(/l) , and evaluate the output

Fp(ug(p); ). Here, Ry (w,v; ) = Ry(w,v; p) and Fy(w; p) = Fy(w; p) Yw,v € Vg, Yu € D, and hence the forms are evaluated
using the truth quadrature rule. We again assume the RB problem (6) is well-posed for all x € D.

Remark 1. In this work, we do not consider port reduction [14-16]. Hence, the number of DoF in the RB system is bounded from
below by the number of port DoF in the truth system, which ultimately limits the dimensionality reduction achieved by the present
formulation, especially for systems with many ports and/or large ports. While recognizing the limitation, we focus on developing
component-wise hyperreduction for this non-port-reduced system in this work and leave port-reduction to future work.
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3.2. HRBE problem formulation

The computational cost of solving (6), which uses the truth quadrature rule, depends on the underlying truth FE discretization,
rendering the method not online efficient. To remedy this issue, we appeal to hyperreduction techniques. Hyperreduction approaches
in the RB literature fall into two classes. The first class of methods approximates integrands first and then integrates them. These
methods use a number of empirically-derived basis functions to approximate the nonlinear terms in the integrands through a
sparse interpolation/regression scheme and then integrate the approximated integrands. Methods in this class include the gappy
proper orthogonal decomposition (POD) method [33], the empirical interpolation method (EIM) [34,35], the discrete EIM [36], the
first-order EIM [37,38], and the Gauss—-Newton approximation tensor method [39]. The second class of hyperreduction methods
directly approximates the integrals in the residual and output forms using a set of empirically-derived sparse element sampling
or quadrature rule. Methods in this class include the optimal cubature method [40], the energy-conserving mesh sampling and
weighting method [41,42], the empirical cubature method [43], and the EQP [30,31]. In the present study, we build on the EQP
and its ability to construct quantitative control of the hyperreduction error in the solution (instead of the residual) and extend this
capability to the component-based context.

The EQP constructs a set of empirical and sparse reduced quadrature (RQ) points and weights that approximate the integrals in
the residual and output forms to a prescribed accuracy. The RQ points are a sparse subset of the truth quadrature points {X;, }qgj] s

~

P . . . 2z 2% ~ A - .
¢ € C, with re-weighted quadrature weights. We introduce (fcg ,ﬁQ ) o1 C Keg Pz q)Q_‘l as the residual RQ rule for each archetype

of
component ¢ € C where Q’ < Q;. We similarly introduce output functional RQ rule, (xA s p[ f C (?caq,ﬁaq)?jl, ¢ € C, where

Qf < Q;. (We defer the discussion of construction of these RQ rules in the offline phase to Sectlon 4; for now, we assume the
rules are given.) Given the RQ rules, the HRBE problem is stated as follows: given u = (u,).cc € D, find {@® e () € rbc}cec and
({u hqc(ﬂ) € h,c}PepM(r) }.ec such that, for all {v . € Vrbc}tec and {{o) Vhe € Vh,c}pepM(c) Jeees

é;ld(c)
Ry (). i) = Y 2 Prrier PH0 ([ By 0+ D @ 0] 0GRy 4 ko)
ceC g=1 PEP M () (¥4}
b 4 zr . . Zr —
[Urb,c + ”h»c]°gf(xM(c>,q’”f)’xM(cm’”f )‘ 0,
PEPM(c)
and evaluate the approximate output
5/
QM(C)
T (3 ) = xf £ ~b zf . L3f
Frb(urb(”)’”) = Z Z pM(c),q fM(“)([urb,c(ﬂ) + Z ’ifz,c(”)] Ogc(xM(t),q’Mc)’xM(c)-q’MC>' ®
ceC g=1 PEPM ()

Owing to Ny < N, é; < Qe and écf < Q) Ve € C, solving the hyperreduced RB problem (7) and approximating the
output (8) can be carried out significantly more efficiently than their corresponding counterparts in the truth problem, (3) and (4),
respectively. Sufficient conditions for the well-posedness of the hyperreduced RB problem (7) will be provided in Proposition 6.

Remark 2. For each archetype component, the bubble RB and RQ rules are calculated and stored in the library a priori in the
offline phase. Therefore, in the online phase, once we determine the connectivity of instantiated components and form a system, we
can rapidly assemble the system’s reduced residual and Jacobian and solve the HRBE system (7) without RB and RQ retraining. In
other words, the HRBE system results from assembling hyperreduced components trained in the offline phase, and not from applying
hyperreduction to an online-assembled RB system, which could not be performed in an online efficient manner.

4. Component-wise RB and RQ training

b
The two primary ingredients of the HRBE method presented in Section 3 are the RB {ECE_} fl of the bubble spaces Vb and the
or o/ A . ) )
RQ rules (xA ,pAq } <, and (xA ,pA f] for all archetype components ¢ € C. In this section, we outline the procedures to construct
these essent1a1 elements.

4.1. Generation of archetype component training solutions

For each archetype component, we use an empirical training procedure to deduce the shape and magnitude of its anticipated
solution and boundary conditions. To this end, we introduce for each archetype component ¢ € C, a parameter training set

train

gFlrain = ;4""““ S DA} ‘ with a size of NY! trainFor this archetype component, we compose N

sample Sample subsystems by connecting it

through its "Z local ports to other randomly selected components from the library. This component is connected to other components
through its local ports with a probability of . We then assign random parameter values to each component in the assembled
subsystems from their respective parameter training sets. We next apply random independent constant Dirichlet boundary conditions,
with uniform density, to all nonshared global ports. We finally solve the truth problem for each subsystem, extract the truth
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Algorithm 1: Generating training data for RB and RQ construction of archetype components.

Input: Number of sample subsystems N ; probability of port connection 0 < <1

ample>

Output: The set of snapshot solutions U;ngi“ veel

1 for ¢ e C do

L

3 for n=1,++, Nyppe do

// Assemble subsystem C,,, and extract the solution associated with ¢

4 for p e P, do

Connect the archetype component ¢ through its p-th port to another component in the library with a
probability of ;

v

6 end
7 Assign parameter value y, drawn uniform-randomly from D, to each component ¢ € C,;
8 Assign uniform-random constant Dirichlet boundary conditions to each nonshared global port;
9 Solve the truth problem for the composed subsystem Cy,;
10 Extract the solution uthr‘"“:" on component ¢;
11 Ullall'l «— Ull'all'l U ulram
hen’
12 end
13 end

solutions on the target component to form a state snapshot set U‘”‘ln = {u‘hri“;‘, }"_Sample designated for this component. The fundamental

assumption underpinning this process is that the generated set of snapshot solutions sufficiently represents the set of all potential
solutions and boundary conditions the component may experience in an actual system configuration. Algorithm 1 provides an outline
of the empirical process to generate snapshot solutions for archetype components.

4.2. Component-wise RB construction

For each archetype component ¢ € C, we decompose snapshot solutions in the training set U;lrgi“ into their bubble and port

train,b

solutions as in (2). The bubble solutions are added to a training set U considered for this component. We then apply the POD

to construct an RB {éA,}, ¢ for the bubble space Vb
4.3. Component-wise hyperreduction: BRR theorem

We now present an extension of the original EQP [30,31] to the component-based context. To this end, we first introduce the
BRR theorem [32] specialized for the Euclidean space.

Lemma 3 (Brezzi-Rappaz—Raviart Theorem). Given an N-dimensional Euclidean space RN, we introduce a C' mapping G : RN — RV,
v € RY such that the Jacobian DG(v) € RN*N is nonsingular, and constants €, 6, and L(«) such that

IGWI2 <&,
oo o], <2

sup  ||DG(V) = DGW)|l; < L(a),
wEB(V,a)

where B(v,a) = {z : ||z — V||, < ). Assume 26L(25¢) < 1. Then, for all A > 28¢ such that §L(A) < 1, there exists a unique u € RN that
satisfies G(u) = 0 in the ball B(v,25¢) and DG(u) € RN*N is invertible and satisfies

HDG-I(u)”2 <2 ”DG—l(v)H2 <26. 9)
Additionally,
w—ul, <2 ”Dc;*l(v)H2 IGWIl, <25 IGW)ll, ¥w € B(v,25¢). (10)

Proof. See [32]. [

Corollary 4 (Effectivity Bound). For all w € B(v,28¢), the effectivity of the error bound A(w) = 26 ||G(w)||, is bounded by
A(w)

lw —ull;

n(w) <25(Zw) + DG, ). 1)
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where

L(z) = sup IDG(u) — DG(2)||, - (12)

2€B(W,|lu-wl|)
Proof. We first consider the Taylor expansion of G(-) about w € RV,

1
G(u) = G(w) + / DG(w +t(u — w))(u — w)dt
’ 1 a3
= Gw) + / [DG(w +1(u—w)) — DG(u)] (U — W)di + DG(u)(u — w).
0

We next appeal to G(u) = 0 and (12) to obtain ||G(W)]|, < (i(w) + ||DG(u)||2) [lu — w|l,. We then multiply both sides by 25/|ju—w]|,
to obtain (11). [

Remark 5. Mathematically, the BRR theorem holds for any nonlinear mapping that satisfies the conditions in Lemma 3. In
the context of numerical approximation of parameterized PDEs, the theorem is applicable as long as the approximate solution
is sufficiently close to the solution and the Jacobian is nonsingular and Lipschitz continuous. In practice, the BRR theorem can
be (and has been) applied to PDEs including Burgers’ equation [44,45], (low-Reynolds-number) Navier-Stokes equations [46,47],
hyperelasticity [31], and heat transfer (as considered in Section 6). However, for certain problems, such as convection-dominated
high-Reynolds-number Navier-Stokes equations, the BRR error bound can be overly conservative and may offer limited practical
utility.

We now specialize this lemma to the component-based context to facilitate the development of our component-wise hyperre-
duction scheme. As such, for each instantiated component ¢ € C, we introduce the algebraic RB residual and Jacobian R, :
R¥M@ x D, » RMM© and J,,, @ RVM© x D, —» RVM©*NM© as well as the algebraic hyperreduced RB residual and Jacobian
ﬁ,b,c : RV x D, - RVM© and jrb,c : RV x D, - RNM©*Nuw©, For conciseness, we omit the explicit expressions of these
quantities here and provide them instead in Appendix. Additionally, we introduce P . : R¥M© — RN as the linear extension
operator that maps the components’ RB DoF to the assembled system’s DoF.

At the system level, we introduce Ry, : RV x D — RN and J,, : RMb x D — RN¥w*Mw as, respectively, the algebraic residual
and Jacobian of the (truth-quadrature) RB problem (6). We denote the generalized coordinates of the solution by u,,(u) € RV,
We similarly denote the algebraic residual and Jacobian of the hyperreduced RB problem (7) by ﬁrb : RV¥» x D - RN» and
T, @ RVo x D — RNwXNn, respectively, and denote the generalized coordinates of the solution by u,,(4) € RN, The system-level
residual and Jacobian Vw,, € R¥b and Vu € D can be obtained through

Rrb(wrb; ”) = Z Prb,cRrb,c(Pﬁ,’cwrh; ”c)’ ‘]rb(wrh; ”) = Z Prb,chb,c(PZ;J’cwrh; ML‘)PZ)‘)’Q’

ceC ceC
R . R T . T . T T . T
Ry (Wi ) = 2 Prb,cRrb,c(Prb’cwrh’ Uy T (Wips ) = Z Prb,chb,c(Prb,cwrb’ Mc)Prb,c‘
ceC ceC

Proposition 6. For a system C and given u € D, we introduce i, (4) € V,y, and its associated generalized coordinates oy, (1) € RV such
that

”urb(ﬂ) - ﬁrb(/‘)”z <é& 14

for an & > 0 and J,, (U, (w); p) is nonsingular. We further introduce o = oy, (3 (8, (4); 1)), where o,,(-) denotes the minimum singular
value of its argument. We suppose for some 6 > 0 and §; >0, ¢ € C, such that Yeee Nuod s, < o, the following inequalities hold:

<ép Ve €C, (15)

0 c

<4, Ve € C, 16)

[Retc P, a0 1)

er,c(Pz;,Ycﬁrb(:u); Mc) - jrb,c(PZ;),cﬁrb,c(M); .Mc)

max ¢

where for any ¢ € C, ||Allpax = max; (g y |A; ;| for A e RNM©*Nm©), We also introduce

,,,,, Num)
L@=2  sup |05 @ mT(wi ) = 1] a7
WE Bty (4),0)
and assume
c— Npeyd
L@ < ZCGC M(c)“J, . 18)

20

wherea =2,/ cc NM(C)éfz /(6= cec Name)8s,)- Then, for all A > &, there exists a unique solution Uiy, (1) € RNw such that IN{rb(ﬁrb; =0
in the ball B(u,,(u), 1), where L(A) < (¢ — >eec NM(C>5JC)/0. Furthermore,

oG =Wy ()|, < @ + & o)
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Proof. For notational brevity, we suppress y and yu, Ve € C throughout the proof. Referring to Lemma 3, we set G(-) = Jﬁjl (ﬁrb)f{,b(-)

and v = a,,. We observe that
~ \/Ecec ‘ ﬁ
13 @), R @], <

‘ <

2
? \/ N o5
‘oo < ZCEC MRy e

\/ZCEC NM(C) R
< < s

c c

2
A

T -
rb,c (Prb,ﬁurb)

IGM, = [|35! (B R, (@)

[

T -
rb,c (Prb,f urb)

where the second inequality follows from the component-wise decomposition of the residual and the matrix norm relation
(RS Y@l = 6 (Jp(0y,)) = o1, the third inequality follows from the relationship between || ||, and || - ||, and the last inequality

mm
follows from condition (15). Hence, we set € = ZCEC N M(C)ﬁ Ruco /o in Lemma 3. Moreover, we have
[[r - 35 @ T @), < J;.} (@) |, 9o ) rb<ulb>1| TopB) = Top (@)
= ZPrbc ( b, L(Prbc rb) rb c(Prbc 1b))
ceC (20)
<= Z rb, L‘(PrbL rb) rb c(Plbc rb) ‘

<-= z Ny
(o2
ceC

where the first equality follows from the definition (Ao Lay)l, =

er(Prb,Cﬁrb) - er(PZ;J, 0

1
max < ; ; NM(L)é‘,M(c) 1,

mm(er(urh)) = o7, the second equality follows from the

component-wise decomposition of the Jacobian, the second inequality follows from the triangle inequality, the third inequality
follows from the relation [|A[l, < N,y l|A]lex YA € RNoXNiw | the fourth inequality follows from condition (16), and the last inequality
follows from the assumption Y cc Ny ()8, < 0. It hence follows that

where the first inequality follows from the Banach lemma which states YA € RNo*Nno with ||All, < 1, (I+ A)~! exists and satisfies
@+ A)~l, < (1 —||All,)"", and the last inequality follows from (20). We hence set 6 = o/(c — Deec Np()8,,) in Lemma 3. We in
addition note that

| 1 4

t e @), = [0+ T3 @) T ) — D7 | P TR 1” —Yecc Nuds,

sup [[DGW) = DGWlly = sup [ @) (B) = I3 @) Tp (W)

weB(v,a) weB(@, b s0)
= swp I @Tp ) - T+ T= 0 @)T ]
we B(ip,a)
< | @ T @) =1, sup I @) T = 1]

wE B(u )

’

<2 sup ”J b (U o) (W) — I

we B(u )

where the first inequality follows from the triangle inequality, and the last inequality follows from u,, € B(i,,, ®). We hence set
L(a) = 25Uy, o) ”er (@,)T (W) — I‘L in (17) in Lemma 3.

Having defined ¢, 6, and L(a) in the BRR theorem in Lemma 3 for the HRBE method, we now apply the BRR theorem. If
26L(28¢) =20 L(@)/(6 = Xeec Npm(e)ds,) < 1, we readily deduce, for all 4 > 26¢ = a such that L(4) <1/6 = (0 - Xec N0y, )/o, the
existence of a unique solution z € R that satisfies G(z) = J‘l(u b)RTb(z) = 0 in the ball B(a,, 4). Since U, satisfies Rlbf u,) =0,
we conclude it is indeed the unique solution to both G(-) =0 and Rrb( ) = 0. Moreover, we set w =u,, = v in (10) to obtain

2

o, = Tl < [y = B+ [, = T < &+ 26 |93 @) Ry @)
N | IRt
2 2
Ry

G_ZECNM( )0J,
E+2— E+a,

ZL‘GC NM(L)5
o - ZCGC NM(c)é.I(,

<&+ b (Urp)

Ia@g,)

IA

where the first inequality follows from the triangle inequality, the second inequality follows from condition (14) and the BRR error
bound (10), the third inequality follows from the definition of § in the component-wise context and the matrix norm inequality, the
fourth inequality follows from condition (15), and the last equality follows from the definition of a. []

10
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We can modify Proposition 6 to obtain an upper bound for the V-norm of the error between the RB and HRBE solutions. To this

end, we define 4., and A, such that
ol lloll5,
Anin = inf, )2;, Amax = SUP ——, 21
vV Iv2 vev IV

and introduce the following corollaries.

Corollary 7 (Absolute Error Bound). If all conditions of Proposition 6 hold, then
e (1) = ()] < (@ + €)Y Ay (22)
with the same a and & as in Proposition 6.

Proof. We first appeal to (21) to obtain ||uy,(#) — T, ()| £ v/ Amax |[Ure(#) — Uy (1)||,- We then incorporate (19) to obtain (22). [

Corollary 8 (Relative Error Bound). If all conditions of Proposition 6 hold and conditions (14), (15), and (18) are respectively replaced
by
”urb,c(”) - ﬁrb,c(”)”z < E_“urb(ﬂ)HZ Ve € C,

Ry (Pl B ()i o) < 8g (0l Veec,

2
\ Zeec NM(C)ﬁRc ) < 0= Xeec Nue)9s,

0= Yeec Nao)0s, 20

[lteo ) = B ()| <@+B ma (23)
el i

with the same a and & as in Proposition 6.

|

L(2lus @l

then

Proof. We first observe

[l (1) = T (|3 < | 0rp ) = U (D]l 3 V Amax < (@ + Oy (101l2 V A

where the first inequality follows from (21), and the second equality follows from the application of Proposition 6 with € and é ,
¢ € C, replaced by &|luy,(p)]l, and g, I (ll2, respectively. We finally appeal to (21) to obtain /Ay, [|us (10|, < |Jurs(#0)]|y» which
in turn yields (23). [

Remark 9. The values of 4., and 4,,, are solely functions of the geometrical parameters in the system. The archetype
components considered in this study, which will be introduced in Section 6, admit piecewise affine decompositions in their geometric
parametrization. Consequently, computing A,;, and A_,, can be carried out efficiently in the online phase. Specifically, for each
instantiated component ¢ € C, if {¢‘.’,~}Z11” © denotes the geometric-parameter-dependent basis for V. and V. : D, — RNy N
denotes its geometric-parameter-dependent inner-product matrix such that (V.(x.)); ; = (¢, jrPeidy, Y €Dy iy j=1,... » Nas(e)» the
systems’s geometric-parameter-dependent inner-product matrix V : D — RNw*No g given by V(i) = Y Pch(ﬂc)PZ Vu € D. Here,
P, : RVM© — RNk Ve € C are linear extension operators that map the component’s truth to system’s DoF. Since (we have assumed)
V.(-) Ve € C admit piecewise affine decompositions, forming V.(-) and hence V(-) during the online phase does not rely on the
components’ truth FE discretizations and quadrature rules. Additionally, the computation of extreme eigenvalues of V(-) (i.e., Apin
and 4,,,,) can be performed efficiently using iterative methods such as the Lanczos algorithm [48].

4.4. Component-wise hyperreduction: formulation

Using Proposition 6 and Corollaries 7 and 8, we now develop a component-wise hyperreduction training routine for the archetype

components in the library. In Section 4.1, we introduced for each archetype component ¢ € C, a training parameter set Z%" and its
corresponding state training set U,‘l'gi“ (Algorithm 1). In Section 4.2, we also described a procedure to construct an RB for its bubble

space 9rbb€_ using its associated bubble training set U;lr;i“’b. Since hyperreduction is carried out with respect to the RB solutions, for

N»amplc)
>

N . . : - Noample
each archetype component ¢, we define a state training set UTan = {yrain }*smpe
rb,c n=1

¢ rb,cn? n=1

(or its algebraic equivalent U4 = {u'l )
where the RB snapshots ”:La?n n€ {l,..., Ngmpie }, are generated using Algorithm 2.

rb,c\n

Additionally, for each archetype component ¢ € C, we introduce the algebraic RB residual and Jacobian Rzt RVex 135 - RNe
and Jp @ RMe x D, — RNe*Ne formulated in Appendix. We further denote the barred versions of the introduced algebraic RB
terms. These barred versions are formulated the same as their respective RB counterparts, albeit with the truth quadrature weights
(Pzg }qul vée Cin (32) replaced by p; = {pz, }qul vce 8, which are the design variables (unknowns) for the hyperreduction problem.

11
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Algorithm 2: Generating bubble RB snapshots for hyperreduction of archetype components.

Input: The previously generated set of truth snapshot solutions U;rgi" veecl
Output: The set of RB snapshot solutions Ur‘éaci“ veecl
1 for ¢ e C do

train _ (§.
2 Urb e B

3 forn=1,- sdmp,e do
4 Decompose u‘hr"“" in the previously constructed training set U2 train iy Algorithm 1 into bubble u”"mb and port
solutions {u"a'"" Vpep,» as in (2);
5 Compute the restriction of port solutions on the ports (i.e., {u"““"‘" } per.s
6 Compute u"‘"“b by solving (6) for a system composed of only component ¢ with {u ‘h’j";p }sep, as the Dirichlet
il L’.i; c

boundary conditions imposed on its ncA ports;

train __  train,b train,p,
7 Compute Uy = o + Zpepf Upon's
train lram train .
8 Ul‘b,C U vu rb on’
9 end
10 end

Then, we pose the component-wise hyperreduction problem in the offline phase for ¢ € C as follows: given a parameter training set
Elrain - state training set Ulram (or its algebraic equivalent U“a‘“) domain volume |;|, and hyperparameter &;, find 5 IS R9 such
that

pr=argmin |5z, .
1),
subject to

Peq 20, qg=1,...,0¢ 25)

%3
‘lgi\l - Z ﬁaq < 55, 26)

q=1
“Rbe(ll;Lai;(ﬂ);ﬂ’ﬁf) o < 53 VM c Eél\l‘ain’ (27)
rbz(u;f;‘;ﬂ(u) ) = J E(uig"c"(ﬂ) uope|| <6 Yy € Eirain, o8)

The #°-minimization problem seeks the sparsest quadrature rule that satisfies the constraints. In practice, we approximate the #°-
minimization problem as an #!-minimization problem (with the objective function ¥ ¢ <, Pe) and solve the problem using a simplex
method following [31]. The enforcement of the constant function constraint (26) enhances the robustness of the hyperreduction
tralnlng and is a reasonable condition for any quadrature scheme [31]. The RQ rule for each cornponent is determined by

=~

0%
X ,pA = (%2 " pA ) pE > 0) . In this work, we set 5R£ = 5,? = 6,. To construct the RQ rule (xA ,pA )q ¢ for the output (8),
we follow the procedure in fSl] and replace the constraints (26)-(28) with analogous constraints for tlhe output functional F(-; u)
and solve the EQP optimization problem.

5. Offline and online computational procedure

In this section, we develop the offline-online computational procedure for the HRBE method. A key challenge to offline—
online computational decomposition that provides quantitative control of the hyperreduction error at the system level is this: the
hyperreduction training is performed for each archetype component independently in the offline phase; therefore, unlike in the
monodomain setting for which the EQP is originally designed (e.g., [31]), the minimum singular value of the Jacobian of the
ultimate systems created by assembling the trained archetype components, which is required in (19), (22), and (23) to control the
error, is not available at the training time. To address this challenge, we propose an approach where the hyperreduction training
for any ¢ € C is conducted in the offline phase with various 6, values. Subsequently, in the online phase, the appropriate RQ rule
for each component is adaptively chosen and applied to solve the HRBE problem through an iterative bootstrap process. We now
present the offline—online computational procedure.

5.1. Offline phase

b 5 5/
In the offline stage, we prepare the RB {ér_}.zf of the bubble spaces Vb and the RQ rules (5624»524 o and (xA ,pf o | for

each of N, archetype components ¢ € C. To construct the RB, we first use Algorithm 1 to generate the tralmng set U;lrg‘“ for each

12
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archetype component ¢. For the n-th sample subsystem, n € {1, ..., Ny}, Of the archetype component ¢, the computation of the
solution u‘h““" in Line 9 of Algorithm 1 requires (9(QSub ) operatlons for the assembly of the residual and Jacobian and O((Af ‘“b ) )
operations for the solution of the linear system per Newton iteration, where QSllb is the subsystem’s number of truth quadrature
points, .Af sub js the subsystem’s number of truth DoF, and the coefficient 1 <1 < 2 depends on the solver and the domain dimension.
Typical problems that we consider require 5 to 15 Newton iterations for convergence. The subsequent computational cost of the
POD is negligible compared to the cost to generate the training set.

We now analyze the cost of hyperreduction for each archetype component ¢ € C. Using Algorithm 2 to generate the RB snapshots
requires the solution of a nonlinear system of equations of size N’ 13 for each training sample. This incurs, for each snapshot, a cost
of (D(NCEQCA) operations for computing the residual and Jacobian and a cost of (9((NCE)3) operations for solving the linear system in
each Newton iteration. Additionally, computing the outputs needed in output hyperreduction of each component requires O(Q;)
operations for each training sample. Moreover, for each archetype component, a simplex method is used to approximately solve
the hyperreduction problem (24)-(28) for different §, values. Each problem has O, unknowns, Q; positivity constraints, 1 constant
function constraint, Ngmp.N; residual constraints, and N&amplcNCZ Jacobian constraints. In practice, the absolute value constant
function, residual, and Jacobian constraints are converted into 2(1 + Ngmpie Ne + Ngmpie N 62) inequality constraints. Additionally, the
output hyperreduction involves the solution of an optimization problem with Q; unknowns and 2(1 + Ny,,c) inequality constraints.

5.2. Online phase: adaptive RQ selection

We now describe a procedure to find the RQ rule of each component in the system in the online phase such that, for any given
topological configuration and x4 € D, the HRBE solution #,,(#) achieves the target V-norm error with respect to the RB solution
u,, (). Our formulation builds on Corollaries 7 and 8. We note that since the error is measured with respect to u,,(u), it is implicitly
assumed that @, (#) = v, () in Proposition 6, and £ = 0 in (19), (22), and (23).

We first discuss an online-efficient procedure to compute o, (J,(u,(4); #)) (or more precisely approximate it), required for
computing @ in (19), (22), and (23). A direct computation of o, (J;,(uy(4); 1)) poses two computational challenges. Firstly, the
computation requires the RB solution u,;,(¢), which defeats the purpose of hyperreduction; we wish to use only its HRBE counterpart
U, (u). Secondly, it involves forming the RB Jacobian J,,(-; #), which depends on the components’ truth quadrature rules and prevents
efficient online computation.

To address these challenges, we appeal to the BRR theorem. We set G(-) = Ry, (;4) and v = U, (x) in Lemma 3, assume
J.» (0, (1); p) is nonsingular and the conditions of the theorem hold, and apply (9) to obtain

1 2
Omin ( b (W (14); H)) Omin (Jrhﬁrb(#)ﬂl))‘

Therefore, o, (J;, @y (1); 1)) /2 is a lower bound for o, (J;,(W,(4); #)). In order to approximate o, (J;, (W, (14); 4)) We appeal to
the following lemma.

(29

I3 oz ), = 2|95 @z 0, =

Lemma 10. For any three matrices A € RVN*N, B € RNV and C € RV*N such that A =B + C
[0min(A) = Orin(B)] < 6131 (O), (30)

where o, () and o,,,,(+), respectively, correspond to the minimum and maximum singular values of their argument.

Proof. We first observe that, for A=B+ C,
B+ C)v Bv||, — ||Cv Bv Cv
”( ) ”2 > . ” ”2 ” ”2 > min ” ”2 max “ ”2

VRN VIl veRw lIvil> “verN IVl verN IVl
= amin(B) - O_max(c)

and hence o,,;,(B) — 6,,in(A) < 0,,,,,(C), where the first and last equality follow from the definition of the extreme singular values,
and the first inequality follows from the triangle inequality. We apply an analogous sequence of inequalities to B = A — C to obtain
O min(A) — 6inB) < 6, (C). The combination of the two inequalities yields the desired result. []

Omin(A) =

The application of the lemma to J,, (W, (u); p) = I—b(ﬁrb(ﬂ);ll) + (J,b(ﬁrb(ﬂ); u — j,—b(ﬁrb(/l);ll)) yields

[0 min Tt Qe (43 1) = i Ty @iy ()3 1) < G Ty Wy (1) 1) — Ty Qs () ).

In other words, as the disparity between the RB and hyperreduced RB Jacobians decreases, so does the discrepancy between
6 min Jep Wep (1); 1)) and Umin(jrb(ﬁrb(ﬂ)l u)). Given that the hyperreduction training for each archetype component is intended to reduce
this very gap, we propose to use o, (Jop, (i, (4); #)) in place of o, (3, (. (4); ). Finally, we combine this approximation with the
lower-bound estimate (29) to conservatively approximate o, (J;p(W,(1); #)) bY iy T G (p0); /4)) /2.

We finally propose the adaptive procedure, Algorithm 3, to find the components’ RQ rules and the HRBE solution in the online
phase. For a given y € D and a desired system-level V-norm error ¢ between the RB and HRBE solutions, we first compute
@ = €/4/An. for absolute error control (or @ = €/4/Ana/Amin for relative error control). We then use the RQ rules associated
with the initial §. values V¢ € C to compute the HRBE solution u,,(y) and ¢ = Jmin(jrb(ﬁrb(ﬂ); u))/2. Then, for all ¢ € C, we

13
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Algorithm 3: Adaptive selection of RQ rules and solving the HRBE problem in the online phase.

Input: System-level 4 € D and desired V-norm error ¢ € R, between RB and HRBE solutions
Output: The HRBE solution and components’ RQ rules

1 Compute A, (and 4., if € is the relative error) for the system;

2 Set @ = €/4/Amax (OF @ = €/4/ Amax/ Amin if € is the relative error);

3 Select the initial hyperreduction tolerances §, Ve € C;

4 while true do

5 Set the RQ rules associated with the current 6. values Ve € C;

Solve the HRBE problem to find u,,,(u);

Find o = oy, T @ (10): 1))/23

Set 6g =6, =6 forall c €C (or 5 =6; =6,/ |[Uy(w], if € is the relative error);

. 2 -
9 if Y e Npy(y8y, 20 0r2 Deec NM(C)éRC/(G - Yeec Ni)dy,) > @ then

® N [}

10 Update 6, and subsequently 6z and 6, Vc € C such that both conditions hold;
11 Go to Step 5;

12 else

13 ‘ break;

14 end

15 end

set 6g = 6; = 6 for absolute error control (or 6 = &; = &./|[Uy(w)|, for relative error control). If ¥ . Nyy)é;, = o or

2y/Xec N M(é.)éic /(6 =X ec Nm)0s,) > @, the hyperreduction tolerances §, = 6g = §, of each component ¢ € C is adjusted such
that these conditions hold. We then use the RQ rules associated with the new hyperreduction tolerances to compute the new HRBE
solution U, (x) and ¢ = oy, (j,bﬁrb(y); ;4)) /2. This process is repeated until convergence; for the problems considered in Section 6,
the procedure converges in two iterations.

Remark 11. In this work, we do not consider adaptive selection of the RB for each component to control the truth vs RB
error. Instead, we consider an adaptive selection of hyperreduction tolerance 6., and hence the RQ rules, for each component to
achieve the desired system-level hyperreduction error. Thus, the RB is fixed independent of the target hyperreduction tolerance for
each archetype component. We focus on developing online-adaptive hyperreduction for component-based systems, and defer the
development of online-adaptive RB selection for component-based systems to future work.

5.3. Online phase: computational cost and memory footprint

We now remark on the computational cost of solving the HRBE problem using Algorithm 3 as opposed to that for solving the truth
problem. For the truth problem, each iteration of Newton’s method necessitates O(Q), = X . Q () Operations for evaluating the
truth residual and Jacobian. Additionally, the solution of the linear system (5) in every Newton iteration requires O(N) operations,
where 1 < n <2 depends on the domain dimension and the solver employed. Moreover, computing the truth output involves O(Q},)
operations.

On the other hand, each cycle of the loop in Algorithm 3 (Lines 4-15) involves solving the HRBE problem and computing

6 in oy @, (1); ). In each Newton iteration, evaluating the HRBE residual R,,(-; #) and Jacobian J,,,(-; 4) requires O e N Q M©)

< O(Q),) operations, where Q’ is the number of RQ points of the archetype component ¢ € C in a given cycle. In addition, ﬁndmg
the Newton update requires solvmg a linear system—which is component-block-wise sparse—in ON}}) < (‘)(N ) operations. Also,
computmg the minimum smgular value involves O(N, ) operations. Finally, once () is found, computmg the approximate output

rb( u) requires O(ZCGC Q M(C)) < O(Qy,) operations.
We now compare the memory footprint of the truth and HRBE formulations. The storage requirement for the truth problem,

dominated by the truth Jacobian storage, is O (N i ); n = 1 if an iterative solver is used at each iteration of the Newton method,

otherwise n = 4/3 for d < 3 to store factorization. For the HRBE problem, the entire library must be loaded in the computer memory.
To compute the residual R,b( u), Jacobian er( u), and output functional F(;p), we precompute and store the following quantities

0.
for each archetype component ¢ € C: (i) the RQ rules (xA R pAq qc and (xA ,pf for different &, values, (ii) the values of the

1
b éi '“f
bubble space basis {fA, j] and the port basis {u/A _}. ¢ for all ports p € P, at the RQ points (Zr }q;l and {Af } ”1 associated with
NP N
different 6, values, and (iii) the gradient values of the bubble space basis { Vchi - and the port basis {Vu/?’_ b for all ports p € P,
. 0 of ' ’ ~
at the RQ points {fcgq and {fcf } associated with different &, values. Therefore, the total online storage for ¢ € C is

(d+1)ZN5€<§g+§£> 1+ N2+ Y NP,
ceC peP;

14
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Table 1
Coefficients of the aluminum’s thermal conductivity equation (31).

Coefficient ko k,y ky ks ky ks ke k;

Value (W/K) 0.637 -1.144 7.462 -12.691 11.917 -6.187 1.639 -0.173

M1
+—>
< a2} R
2 H2
M2 H2
< +—>
H1 M1

Fig. 2. Archetype components in their reference domains. From left to right: rod, bracket, tee and cross. Local ports are shown by red dashed lines.

where Nj_is the number of hyperreduction tolerances of ¢ e C for which the state and output hyperreduction trainings are
performed. Therefore, the online storage is independent of NLP and Q; V¢ € C. Furthermore, owing to N; < N;’, ég < Op
and écf < Q; Ve C, the online storage requirement for the HRBE problem is significantly smaller than that of the truth problem,
particularly when the truth DoF is large and there is a significant reuse of archetype components: i.e., N, is small relative to the
size of the system, which is the case for which the HRBE method is designed. It is important to note that the storage requirement
scales with N, rather than N,,y,. Therefore, employing the HRBE method ensures that the storage and computational cost of the
online phase are independent of N}, and Q,, as desired.

6. Example: nonlinear thermal fin systems
6.1. Problem description

We now apply the HRBE method to two-dimensional nonlinear thermal fin systems. Systems are made of an aluminum alloy [49]
with a temperature-dependent thermal conductivity k : [1,300] K — [4.341,177.868] W/K that satisfies
7
log(k(x)) = Z k; (log(x))’ Vx €[1,300] K, (31D
i=0
where k;, i =0, ...,7, are given in Table 1. The parameterized continuous residual form for the ultimate systems is

R(w, v; p) = / (k(w)Vw) - Vodx — f(wyvdx Yw,veP,
Q(u) Q(u)
where V={ve H(Qu)| v rp =0¢, and f : D — L3(2(y)) is the volumetric source term, which is assumed to be constant within

each component. The residual form does not admit an affine decomposition, as the first integral depends nonlinearly on the field
variable.

Remark 12. The HRBE method, like the (monodomain) EQP method [31], can also treat other types of nonlinear solution and
parameter dependencies, including those arising from nonlinear geometric transformations from reference to physical domains of
the instantiated components.

6.2. Archetype component library

Our archetype component library comprises four archetype components as shown in Fig. 2. Each archetype component is
characterized by two geometric parameters x4, and p,, and one physical parameter y; € [0, 10] W/cm2 associated with volumetric
heat source. For all components, u; € [0.5,1] cm and y, € [0.5, 1] cm, with the exception of the rod component where y, € [3,6]
cm. The values of geometric parameters y; and u, in the reference domain of all archetype components are 1 cm, except for y,
of the rod component, which is 4 cm. All components admit piecewise affine geometric transformations from their reference to
physical spatial domains. Therefore, A.;, and 4., of the systems instantiated from these components, required in Algorithm 3, can
be computed efficiently during the online phase; cf. Remark 9. As shown in Fig. 2, the rod and bracket components have two local
ports, the tee component has three local ports, and the cross component has four local ports. All ports are mapped from the same
17-DoF reference port discretized by eight quadratic line elements. Furthermore, all components are discretized using quadratic
triangular elements leading to er:) 4= 091, Ng’r ket = 703, NQ, =1026, and N2 = 1165.

The offline training proceeds in three sequential steps. First, for each archetype component we generate a set of empirical training
data using Algorithm 1. Specifically, for each target component, we create Ny, = 100 sample subsystems by connecting it with
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Fig. 3. Decay of POD eigenvalues in the RB construction for the bubble space of different archetype components.

a probability of g = 0.8 to other components in the library through each of its ports. We then assign uniformly random parameter
values to the components in the subsystems and set uniformly random constant Dirichlet boundary conditions to their nonshared
global ports, ranging from 1 K to 250 K.

Second, we construct an RB for the bubble space of each archetype component using the POD capturing 99.9% of the energy
(i.e., the sum of POD eigenvalues) of the correlation matrix associated with its bubble snapshot matrix. This results in Nrbn 4 =3

b _ b b o . . . ;
Ny ket = 35 Nipe =6, and N, = 9. Fig. 3 illustrates the decay of POD eigenvalues for each archetype component, showing a rapid
decrease in the POD eigenvalues for all components.

Third, we follow Algorithm 2 to create a bubble RB snapshot set for each archetype component using the data generated in the
first step and the RB constructed in the second step. Then, we solve the component-wise hyperreduction problem (24)-(28) for seven
different hyperreduction tolerances §; = {107,107, ..., 10?} to construct a family of RQ rules. Fig. 4 shows components’ RQ points
for hyperreduction tolerances 6, = 10? and 6, = 1. Table 2 summarizes the outcome of offline training for all archetype components.
For all components, the number of bubble degrees of freedom is significantly reduced (i.e., NCE <N Ll?), and the number of RQ points

increases as the hyperreduction tolerance §; tightens.

6.3. Thermal fin systems

We now examine the performance of the HRBE method on a family of thermal fin systems made of instances of rod, bracket,
and cross components from the library. An example of a 3 x 3 fin system is shown in Fig. 5(a). We characterize the topology of
the fin systems by their number of rod components along horizontal and vertical directions. We consider only the cases where the
number of horizontal and vertical rods are identical.

We assume the interior cross components of the fins are subject to a volumetric heat source. Furthermore, we assume the length
of the rods along all directions are identical. Additionally, we assume the horizontal and vertical thicknesses vary independently.
Hence, an Ny, X Ny, fin system has Niop, = (3Ngj, + 1) X (Ngj, + 1) instantiated components, N, + 1 thickness variables along the
horizontal direction, Ny, + 1 thickness variables along the vertical direction, 1 length variable associated with rod components, and
(Nfin — 1)? physical variables for volumetric source terms. Therefore, in total, an Ny, X N, fin system is parameterized by N, fzin +4
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Fig. 4. RQ points of the archetype components for &, = 10> and &, = 1.
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Table 2

Outcome of offline training for all archetype components.
Component Rod Bracket Tee Cross
.AfLﬁ‘ 691 703 1026 1165
Q; 1968 2016 3024 3456
Ncl’ 3 3 6 9
’ég (6, = 10%) 147 156 230 296
é; (6; = 10) 183 198 317 420
0. (6:=1) 203 265 391 563
6; 6, =107") 287 322 516 739
0% (6, =1072) 347 375 637 956
0% (5; =107 419 488 846 1233
é; 62 =107 482 599 1031 1613

ol 1-‘top\<

Diett [iight

100

KFbottom;

(a) system composition (b) example temperature distribution

Fig. 5. A 3 x 3 fin system. In (a), red stars mark the components with a volumetric source term.

variables, making the problem parametrically high-dimensional even for Ny;, = 2. Fin systems are subject to four Dirichlet boundary
conditions: uer = 25 K 0N Loy, Urign = 125 K 00 Tiignes Uporiom = 275 K 0N Tygioms @0d #y, = 100 K on I, Fig. 5(b) shows the truth
temperature distribution for one instantiation of the Ny, X N, fin system for Ny, = 3.

6.4. Numerical results using prescribed hyperreduction tolerances

We first study the behavior of the HRBE method on the 3 x 3 fin system using prescribed hyperreduction tolerances §, Ve € C;
i.e., the same §, is prescribed to all components without using the adaptive algorithm (Algorithm 3). Fig. 6(a) shows the relative
H'(Q)-norm error between the truth and HRBE solutions for different hyperreduction tolerances. To assess the generality of the
formulation, we report the maximum error over a test configuration set ='*** ¢ D, which comprises |='*!| = 5 test configurations that
results from parameter values randomly selected from a uniform distribution over their corresponding training range. As expected,
the error decreases as the hyperreduction tolerances are reduced. A maximum error of 1.363 x 10~! is observed for 6, = 102, which
sharply decreases to 2.536x1073 for 6, = 1. The HRBE error eventually plateaus and approaches that of (truth-quadrature) RB without
hyperreduction. (We recall that, in this work, the RB is fixed independent of the hyperreduction tolerance for each component, and
hence the error between the truth and RB solutions (and in turn the HRBE solutions) is not adaptively controlled; cf. Remark 11.)

Fig. 6(b) shows the maximum relative H'!(£2)-norm error between (truth-quadrature) RB and HRBE solutions over the |Z'*!| = 5
test cases for different §, values. As anticipated, the error decreases with hyperreduction tolerances and, hence, when more RQ
points are used. More quantitatively, the BRR error bound (10) suggests that

max

< 24/4
Omin (jrb(urb(ﬂ); ,u))

Nt 40) = T )|y < [0 00) = T 1)y Vs < [Ren wen iz 10, -
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Fig. 6. Maximum relative H'(£2)-norm error in the HRBE solution with respect to the truth and RB solutions for different hyperreduction tolerances for the
3 x 3 fin over |E'| =5 test cases.

Table 3
Value of o, (j,b(u,b)) = Opin (j,b(u,b(u); u)) for different hyperreduction tolerances for the 3 x 3 fin.
Hyperreduction 5, = 10? 5, =10 5, =1 5. =107" 5, =107 5, =103 5, =10"*
tolerances
[ (ih(u,h)) 2.697 2.927 2.932 2.933 2.933 2.933 2.933
Table 4

Relative error between o, (Y (): 1)) and o, (o @n(): ) for different
hyperreduction tolerances for the 3 x 3 fin over |='!| =5 test cases.

o Jmin U G4 0) Gain T @, (10: 1))

s e e
5. =10 9.009 x 102
5. =10 3.017x 1073
5. =1 1.507 x 10~
5. =10" 1.057 x 1075
5. =107 1.023 x 1076
5. =107 6.818 x 1077
5. =107 4973 % 1077

Then, assuming the residual-tolerance condition (15) holds for u,,(¢) at the system level, we conclude that

26, \/ Amax ZcGC NM(C)

Omin (jrb(urb(ﬂ); /4))

”urb(ll) - 'lzrb(ll)”v <

since the same §, is applied for all components. Hence, if o, (jrb(urb(”); ;4)) remains approximately constant for different 5, values,

then we expect the error to vary linearly with §,. This is precisely what we observe in Fig. 6(b). The values of o,,;, (j,b(urb(u); ;4))
reported in Table 3 confirm that the minimum singular value is approximately constant for §, < 10.
We now study the behavior of the minimum singular value o,,;, (ihﬁrb(/d); y)), which plays an important role in the adaptive

RQ selection in Algorithm 3. To develop the algorithm, we posited, based on Lemma 10, that o, (jrb(ﬁrb(y); ;4)) would provide a

reliable approximation for o,,;, (erﬁrh(#); ;4)). Table 4 shows the maximum relative error between these two values Vu € = for
different hyperreduction tolerances .. We note that even for the highest §, the error between the singular values is less than 10% and
the difference quickly decreases as 6, is reduced. Consequently, in practice, as Algorithm 3 iterates toward smaller hyperreduction
tolerances, this error becomes increasingly insignificant. Additionally, the applied factor of 0.5 due to (29) further mitigates the
possibility that 0.56,,;, (.T,b(ﬁrb(,u); ;4)) does not provide a lower bound of o, (J,b(urb(u); ,u)) in Algorithm 3.

Fig. 7 shows the average speedup in wall-clock time relative to solving the truth problem across the five test configurations for
various hyperreduction tolerances. Specifically, an average speedup of around 70 times is observed for §, = 10?, reducing to about
11 times for §, = 10~*. While the difference in speedups might encourage the use of looser hyperreduction tolerances, it is crucial

19



M. Ebrahimi and M. Yano Computer Methods in Applied Mechanics and Engineering 431 (2024) 117254

70 T @

60 - 1

= t
(==} (=)
T T
I L

Average speedup

@
T
|

20 + 1

10 I L I L L

Fig. 7. Average speedup in wall-clock time relative to solving the truth problem for different hyperreduction tolerances for the 3 x 3 fin across |=''| =5 test
cases.

to consider the trade-off in accuracy. We recall that Figs. 6(a) and 6(b) show that the errors for §. = 107 is significantly higher
than the errors for the RQ rules associated with tighter tolerances. Conversely, opting for the strictest tolerance yields the most
accurate HRBE solution, but the speedup is not as substantial compared to using looser tolerances. (We recall that, in this work, we
do not consider port reduction, and hence the speedup achieved by the HRBE method is @(10)-9(100) and not ©@(1000) as achieved
by port-reduced RBEs for linear problems [15]; cf. Remark 1.)

6.5. Numerical results using the adaptive RQ selection algorithm

To effectively navigate the trade-off between speedup and accuracy and select the RQ rules satisfying a desired error between RB
and HRBE solutions, we now apply Algorithm 3 for the relative error target ¢ = 0.01. The algorithm finds the RQ rules corresponding
to different hyperreduction tolerances for different components in the 3 x 3 thermal fin system, although the same tolerance is
used for the components instantiated from the same archetype component. Convergence is reached in merely two iterations in all
parameter test configurations. The maximum relative H'(£2)-norm errors in the HRBE solutions relative to the truth and (truth-
quadrature) RB solutions are 7.521 x 10~ and 7.226 x 1073, respectively. As desired, the adaptive RQ selection algorithm meets the
target system-level hyperreduction error tolerance of 10~2. The HRBE method provides an average computational speedup of 42
relative to solving the truth problem.

To further assess the performance of the adaptive RQ selection algorithm across a range of fin system sizes, we apply Algorithm 3,
with the relative error target ¢ = 0.01, to Ny, X Ny, fin systems for Ny, € {2,...,8}. For each fin system, we form |Z''| = 5 test
configurations similar to those for the 3 x 3 fin system described earlier. For all fin systems, the algorithm achieves convergence
within two iterations. Table 5 shows the maximum relative H'(£2)-norm errors across the test configurations between (i) truth
and RB solutions, (ii) truth and HRBE solutions, and (iii) RB and HRBE solutions. The target error between the RB and HRBE
solutions is achieved for all fin systems. The effectivity, defined as e divided by the actual maximum relative error, ranges from a
minimum of 1.315 for Ny, =2 to a maximum of 33.602 for Ny;, = 8. The sharpness of the error bound between the RB and HRBE
solutions deteriorates as Ny;, increases. We suspect that this is due to bounding ||-||, of the component residuals and Jacobians in
Proposition 6 by \/m [I'lloo @and Nps) [Illmax Ve € C, respectively. As the number of components in the system increases, a in
Proposition 6 provides a more pessimistic upper bound for the error at the system level. Table 5 also shows that for all fin systems
the error between the truth and RB solutions is relatively close to the error between the truth and HRBE solutions, underscoring
the effectiveness of the adaptive RQ selection (Algorithm 3) as well as the component-wise hyperreduction training routine.

Finally, Table 6 presents the relative error between o, (jrbﬁrb(u); /4)) and o,;, <erﬁrb(y); /4)) across various fin system sizes,

which again supports the validity of using o, <jrb(ﬁrb(;4); M)) to approximate o, (er(ﬁrb(y); M)) in Algorithm 3.
7. Conclusion

In this work, we have developed an HRBE method for reduced-order modeling of component-based systems governed by general
parameterized nonlinear PDEs. The proposed method is capable of accommodating global nonlinearities across the entire domain.
The method constructs a library of archetype components during the offline phase through component-wise RB construction and
hyperreduction. Then, in the online phase, these pretrained components are reused to rapidly create a reduced model for any system
configuration instantiated from the archetype components in the library. This divide-and-conquer strategy circumvents the need
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Table 5
Relative H'(Q)-norm error between (i) truth and RB solutions, (ii) truth and HRBE solutions, and (iii) RB and
HRBE solutions for Ny, X Ny, fins using ¢ = 0.01 in Algorithm 3 over their five test cases.

! AT I AT A W Tl
Niin SUPrez T Tl SUPueze T Ty SUPrez T ol
2 4.183x 1073 7.891 x 1073 7.605 % 1073
3 2.054 % 1073 7.521 x 1073 7.226 x 1073
4 1.557x 1073 6.134 % 1073 5921 % 1073
5 1.626 x 1073 4.958 x 1073 4.832x1073
6 1283 x 1073 1.341 x 1073 3.801 x 104
7 1.001 x 1073 1.057 x 1073 3377 x 1074
8 8.882% 10+ 9.389 x 10~ 2976 x 104
Table 6

Relative error between o, (o, (i (1); 1)) and o, (I @y (0); 1)
for Ny, X Ny, fins over their five test cases.

16 i oy @C1): 1)) = 03 Ty Gy (0): )]
Nein sup -
Gonin G @y (1); 1))
3478 x 1073
2.395% 1073
2.159 x 1073
1.484 x 1073
4.221%107°
4.955%x 102
6.616 x 1073

N U~ WN

for repeated offline training for new system configurations and enables the reduced-order modeling of problems with numerous
parameters. Additionally, it facilitates the model reduction of large-scale problems by sidestepping the generation of global solution
snapshots associated with large assembled systems in the offline phase.

The proposed HRBE method is characterized by several key features. First, we have formulated a component-wise extension of the
EQP [30,31] to systematically construct a library of hyperreduced components, each of which meets the specified hyperreduction
tolerance. Second, we have appealed to the BRR theorem to develop an actionable error estimate for component-based systems,
which relates component-wise hyperreduction residuals to the system-level error. Third, we have developed an online-efficient
estimate of the minimum singular value of the system-level Jacobian, which plays a crucial role in the BRR theorem. Finally, building
on the aforementioned multi-fidelity archetype component library, the actionable error estimate, and the minimum singular value
estimate, we have developed an adaptive RQ selection procedure, such that the hyperreduction error in the online-assembled system
meets the user-prescribed system-level error tolerance.

We evaluated the effectiveness of our HRBE method through its application to two-dimensional nonlinear thermal fin systems,
which are composed from a library consisting of four distinct types of archetype components. Across different fin systems, we
demonstrated that the HRBE method consistently delivers accurate results and computational reduction, achieving roughly 45x
speedups with errors around 1% or less. Moreover, the online-efficient minimum singular value estimate for the system’s RB Jacobian
proved accurate in the fin systems studied.

There exist several potential opportunities to extend the current work. First is the development of a port-reduced version of
the HRBE method (cf. Remark 1). In systems with many and/or large global ports, the final HRBE problem can still be quite large
without port reduction. Hence, model reduction of the ports could lead to additional computational savings in the online phase,
a concept already explored for linear problems (e.g., [14-16]). Second is the development of an online-efficient system-level a
posteriori error estimates, which is another area that has been explored for linear problems. Third, building on the a posteriori
error estimate, Algorithm 3 may be extended to effect adaptive selection of both RB and RQ in the online phase (cf. Remark 11).
Lastly, the current work could be expanded to accommodate time-dependent nonlinear PDEs. We aim to explore these potential
extensions in our future research.
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Appendix. Explicit expressions of the algebraic RB and hyperreduced RB residuals and Jacobians of instantiated compo-
nents

We assume in each archetype component ¢ € C, the generalized coordinates of any w,, ; € V,;,» are arranged in such a way that
the DoF associated with Vfb o are assigned to the first Ng indices, followed by N 61 indices corresponding to the first local port’s DoF

. . . Nose
and so forth. As such, for the instantiated component ¢ € C, we introduce {TC,,-}’.;;“ ) for any u, € D, as

b — %b —1¢.. ; b
$oi =000 Gt TE (L. Ny

1 . b 1
W 1€ Ny + L Ny )
Tc,i -
"o e Nt 3o g L e
Vei M) T &p=1 M) T N I

The algebraic RB residual and Jacobian for ¢ € C are then given by

Om(e)
A ~ ~ b . A a
(Rrb,c(wrb,c’ ”c)),- = Z pM(c),q M(c) < [wrb,c + Z u)fx,p] ch(" /’tc)’ gIc,iOQC(" ”c)’ xM(c),q’ HL‘) s

g=1 pEPM(C)

Oueo (32)
. _ ~ ~ b : . APENEN
(er,c(wrb,w ﬂc)),-,j = Z PM(c).q" /I\/[(c) ( [wrb,c + z wl;hc] OQC(" ”c)s 'Pc,j°gc('a ”c)’ q’c,iogc(', ,uc)’ XM(c).q> He >’
q=1 PEPM ()
for 1 <i,j < Ny, any wy, . € Vyp, . and any y, € D,..
Similarly, the algebraic hyperreduced RB residual and Jacobian for ¢ € C are given by
7\/{(c)
R . _ % - b . R
(Rrb,c(wrb,c’ m))i = Z pgw(c)ﬂ Patce) < [wrb,t + Z wfw] 0G, (s #e)s ¥ 190G, (5 Mc),xju(c),q, Mc>,
q=1 PEPM(c)
- (33)
QM(L')
T . X ~ b . R . Lz
(Tvctwmeing) = 3 oo ([het X 10 Jo0uCim Wi o010 WeioG i Fog o ot ):
" q=1 PEPM(c)

for 1 <i,j < Ny, any wy,. € Vyp, . and any u, € D...
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